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1 Introduction 



The p-adic Langlands programme for the group GL 2 (Q P ) is now well understood, 
both from a local and a global point of view ( |CollOj . [PaslOb], |Emell] . see 
[BrelO] for an overview). In particular, to (essentially) any continuous 
representation p : Gal(Q p /Q p ) — > GL 2 (E) (where E is a finite extension of Q p ) 
one can associate a unitary continuous representation IT(p) of GL 2 (Q P ) on ap-adic 
Banach space over E. Likewise, to (essentially) any continuous representation 
p : Gal(Q p /Q p ) — > GL 2 (&£:) (where Ice is the residue field of E), one can associate 
a smooth representation IT(p) of GL 2 (Q p ) over ks- It is moreover expected that 
the p-adic Langlands correspondence - if there is one - for any other group 
beyond GL 2 (Q p ) (e.g. GL 2 (L) or GL 3 (Q p ) or GSp 4 (Q p )) will be significantly 
more involved than for GL 2 (Q P ) (see e.g. [BrelOl §3, §4] or [Schl2j ). The aim of 
the present work is nevertheless to start to investigate the possible shape of the 
representation(s) II(p) and II(p) when p, p take values in split reductive groups 
other than GL 2 . 

Let G be a split connected reductive algebraic group over Q p with dual G, 
E a finite extension of Q p and p : Gal(Q p /Q p ) — > G(E) a continuous represen- 
tation. Assume that both G and G have a connected centre and that (up to 
conjugation) p takes values in a Borel subgroup B(E) of G(E). In this setting, at 
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least when p is sufficiently generic, we define a unitary continuous representation 
II(p) ord that we expect to be the maximal closed subrepresentation of n(p) whose 
constituents are subquotients of unitary continuous principal series of G(Q P ) over 
E. We define an analogous smooth representation IT(p) ord when G is a split con- 
nected reductive algebraic group over Z p and p : Gal(Q p /Q p ) —> B(k,E)- When 
G = GL n and p comes from some global Galois representation r, we moreover 
prove using results of Gee and Geraghty ( |Ger09j . [GG12j ) that (under suitable 
assumptions) the GL n (Q p )-representation II(p) ord occurs in the r-part of spaces 
of mod p automorphic forms for certain definite unitary groups which are outer 
forms of GL n . We only consider split reductive G in this paper because, when 
G is not split, e.g. G = Resi/Q p GL 2 , the results of |BP12j suggest that the 
representations IT(p) ord , n(p) ord are generically semi-simple and thus not very 
interesting. 

We now describe the idea underlying the construction of n(p) ord and Il(p) ord . 

One crucial ingredient in the p-adic Langlands correspondence for GL 2 (Q P ) 
is the construction by Colmez ( |CollOj ) of a covariant exact functor F from 
unitary continuous (resp. smooth) representations of GL 2 (Q P ) over E (resp. k E ) 
with suitable properties to finite-dimensional representations of Gal(Q p /Q p ) over 
E (resp. k E ) sending n(p) (resp. n(p)) to p (resp. p). One natural question is: 
assuming that F has an analogue when GL 2 is replaced by G as above (see |SV11] 
for a candidate), what should be the Gal(Q p /Q p ) -represent at ions F(Il(p)) and 
F(n(p))? To see some hints of what the answer could be, let us first consider 

the special case where G = GL n = G and p = I ' • . J takes values in a split 

torus of GL n (E). To such a p, one can associate n\ (unitary) continuous principal 
series 

/(^^(ind^^^-^o^))' , 

where Xp := Xi ® • • • <8> Xn (a character of the torus via class field theory), w is in 
the Weyl group of GL n , B~(Q P ) is the subgroup of lower triangular matrices and 
e^ 1 o 9 is a certain twist that is not important here. In view of what happens for 
n = 2 and because of the results of [GG12j and |Herllj in the mod p case, if p 
is sufficiently generic it is very natural to expect that n(p) will contain (B w I(p) w 
as a direct summand. As a consequence, F(H(p)) should contain ® w F(I(p) w ) in 
that case and in particular is unlikely to be isomorphic to p if n > 2. Although 
we don't know F(I(p) w ), it is natural to expect that, as in the GL 2 (Q p )-case, 
it will be a character of Gal(Q p /Q p ). Moreover, as soon as n > 2, the conjec- 
tures on Serre weights in |Her09j indicate that F(H(p)) should be strictly larger 
than (B w F(I(p) w ). Let us now look at the case of the group GL 2 (L) where L 
is a finite unramified extension of Q p (although we don't consider this case in 
the paper). The calculations of |Brellj suggest that F(H(p)) could then be the 
tensor induction from L to Q p of p, that is, the tensor product of the conjugates 
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of p under Gal(L/Q p ). Let us summarize our expectations regarding the Galois 
representation F(II(p)): 

(i) in the case of GL 2 (Q P ) it is p; 

(ii) in the case of GL 2 (X) it should be the tensor induction from L to Q p of p; 

(iii) in the case of GL n (Q p ), n > 2, with p taking values in a split torus it should 
strictly contain n! characters direct summand. 

We have to find some representation of Gal(Q p /Q p ) which interpolates (i), (ii) 
and (iii) and our guess is that F(U(p)) could be the tensor product of all the 
fundamental algebraic representations of G(E) composed with p. We have an 
analogous expectation for F(U(p)) in the mod p case. 

Let us denote by L® op this representation of Gal(Q p /Q p ). Although we don't 
know Il(p), we can use L® o p as a guide to make predictions about II(p) or II(p) 
and then test these predictions on cohomology. This is what we start to do in 
this paper in the case where p (resp. p) takes values in B(E) (resp. B(k E )) and 
is sufficiently generic. But we do hope that the consideration of L® o p will also 
be of importance for Galois representation which are not Borel-valued. 

Let us now describe the main results of the paper. 

In section |2j for any closed subgroup Be of B, we completely describe the 
maximal -B^-subrepresentation (L®\g c ) ovd of L®\g c such that all its weights are 
in the orbit under the Weyl group W of the highest weight A of L®. One finds a 
direct sum of indecomposable .Bc-representations: 

( T® I \or& m j® 

K- \B C ) — ^wdWc^Cw 

where W c '■= {w G W : w~ 1 B c w C B}. 

In section [3, we use this description to associate to any sufficiently generic p : 
Gal(Q p /Q p ) — > B(E) an admissible unitary continuous representation Il(p) ord of 
G(Q P ) over E which is a successive extension of finitely many unitary continuous 
principal series. First, we associate to p a closed subgroup B Cp of B (defined as 
the smallest Zariski closed subgroup of B such that p takes values in Bc p (E)). We 
may assume (after conjugation) that Bc p is minimal among all S(B)-conjugates 
of p. Then we define Il(p) ord as 

n(p) ord := ® w ew Cp Tl(p)c P , W i 

where each Ii{p) Cp>w is a successive extension of unitary continuous principal series 
of G(Q P ) over E. More precisely, U(p)c p , w mimics the structure of L® w in the 
following way: each time the weight w'(X) appears in (L®\g c ) ord (for some w' G 

W), the principal series I(p) w > := (lnd^%| n w'~ l {x P ) • ° 0))° appears "at 
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the same place" in H(p)c p ,w (where B~ C G is the Borel opposite to the dual of B 
and e~ l o6 is a certain twist). The minimality assumption on Be guarantees that 
n(p) ord only depends on the G(.E)-conjugacy class of p. This construction also 
works in characteristic p for a generic p : Gal(Q p /Q p ) — > B(k E ) ( §2.5[ §3.4|) and 
produces an admissible smooth G(Q p )-representation n(p) ord = (BwGW C -^-(p)cp,w, 
where each Il(p)c_ jU , is indecomposable and a successive extension of finitely many 
smooth principal series. 

In section HJ we prove that the representations n(p)c_ jM , all occur in some 
spaces of mod p automorphic forms. More precisely, let F + be a totally real field 
and G/F + be a totally definite unitary group which is an outer form of GL n / F + 
that splits over a totally imaginary quadratic extension F of F + (and is quasi- 
split at all finite places). We assume that F/F + is unramified at all finite places 
and that p splits completely in F. If U p C G(A^f) is a compact open subgroup, 
we have the /c^- vector space 

S(U P , k E ) := {f : G(F+)\G(A™+)/U p k E , f locally constant} 

of mod p automorphic forms of level U p which is equipped with a smooth action of 
G(F + ®q Q p ) = riD|pGL n (Qp) and with a commuting action of a certain Hecke 

algebra T. If f : Gal(F/F) — > Gh n {kE) is a continuous absolutely irreducible 
representation, we can associate to r a maximal ideal m of T with residue field 
k,E- We denote by S(U p ,k E )[m] C S{U p ) k,E) the corresponding eigenspace and 
by S(U p , k E )[m\ OTd C S{U P , k E )[m\ the maximal G(F + ® Q Q p )-subrepresentation 
all of whose constituents are subquotients of principal series. Following |GG12t 
§6] we say that f is modular and ordinary if there exist U p (ramified only at places 
of F + that split in F) and an irreducible representation a of G{O e + ®tl Z p ) = 
Y[ v \ p GL n (Z p ) over k E (a Serre weight) such that the action of the Hecke algebra 
U(a) ^ ® v \pk E [T liV , . . . ,T n _ l!V ,T±l) on Hom G( o F+0zZp) (a, S(U P , k E )[m\) has a 
nonzero eigenvector (after possibly extending k E ) on which each Ti )V is nonzero. 
Let us choose a place v of F above each v \p in F + (this choice won't matter) 
and denote by r^ the restriction of r to a decomposition subgroup at v. If f 
is modular and ordinary, then r% takes values in a Borel subgroup of GL n (k E ) 
so that the GL n (Q p ) -represent at ions Il(r s ) ord are defined (if r c is generic). Our 
main local-global compatibility result is (cf. Theorem 14.5.7)) : 

Theorem 1.1. Let r : Gel(F/F) — » GL n (k E ) be continuous absolutely irreducible 
and assume: 

(i) r is modular and ordinary; 

(ii) for each v\p the restriction ofr^ to inertia is generic; 

(iii) r satisfies some small technical assumptions (see §^.5[ ). 
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Then there is an compact open subgroup U p C G(A^f) and integers d w > for 
each w = (w v ) G n^p^c-- such that we have an essential injection of admissible 
smooth representations of G(F + £g>Q Q p ) over k E , 

^(nCf^^Ow^odet)^ W ^S(Ut>,k E )[m) ord , 

w=(w v ) v\p 

where u is the mod p cyclotomic character. 

We refer to §4.51 for a more precise statement. If all d w are equal, note that 
the left hand side of the injection is exactly (up to twist) a direct sum of copies 
of ® v \ p Il(fy) OTd . The assumption (ii) that r c is generic on inertia (which implies 
e.g. p > 2n) shouldn't be crucial and one should be able to replace it by just r s 
generic (not necessarily on inertia) and p > 3. Following our "philosophy" that 
n(p) ord should be the maximal subrepresentation of n(p) built out of principal 
series, we also conjecture (cf. Conjecture I4.2.5P : 

Conjecture 1.2. Let r : Gel(F/F) — > GL n (k E ) be continuous absolutely irre- 
ducible and assume: 

(i) r is modular; 

(ii) rj) is upper triangular and generic for each v\p. 

Then for any compact open subgroup U p C G(A^f) such that S(U P , fce)[m] ^ 
there is an integer d > depending only on U p and f such that we have an 
isomorphism of admissible smooth representations of G(F + ®q Q p ) over k E , 

[(g) (n(r,) ord <g) u n - 1 o det ) Y A S(U p , k E ) [m] ord . 

^ v\p ' 

We have an analogous conjecture in characteristic replacing S(U P , k E ) by a 
suitable p-adically completed E'-vector space of automorphic forms (cf. Conjec- 
ture iH}. 

The proof of Theorem 11.11 goes as follows: using results of Gee and Geraghty 
on ordinary Serre weights ( |GG12j . |Ger09] . these results require the small tech- 
nical assumptions alluded to in (hi)) together with Frobenius reciprocity, we first 
deduce that for each w = (w v ) e Yl v \ p Wc~_. the G(F + <S)q Q p )-socle <S> v \ p I(fv) Wv of 
®t,| p (n(ru)cv. , w ® uj n ~ 1 o det ) occurs in some S{U P , k E ) [m] with a certain positive 
multiplicity d w . We thus have an injection as in Theorem 1 1.1 1 but with U(ry)c-_, Wv 
replaced by its socle I{f^) Wv . Moreover, combining the results of |GG12j with 
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[Her 114 Cot. 9.13], one easily checks that this injection is essential. The whole 
point is thus to prove that it extends to (S)«ij,n(r«)c^. )Wt; . This follows from a key 
local theorem (cf. Theorem 14.4. ip which states that, under certain conditions on 
a smooth G(Q p )-representation II over restriction to the G(Q p )-socle induces 
an isomorphism Hom G( Q p) (n(p) c _ u ,, II) -3- Rom G( Q p) (I(p) w , II). 

We now finish this introduction with some notation. 

In the whole text E is a finite extension of Q p (the coefficient field) with ring 
of integers Oe and residue field Ue- We denote by zue a uniformizer in Og. We 
denote by e : Gal(Q p /Q p ) — > Z* <^-> E x the p-adic cyclotomic character and by 
lo its reduction mod p. If F is a number field and w a finite place of F, Frob„, 
is a geometric Frobenius at w. We normalize the reciprocity map of local class 
field theory so that uniformizers correspond to geometric Frobenius elements. 
We denote by nr(ii) either the unramified character of Q* sending p to u or the 
unramified character of Gal(Q p /Q p ) sending a geometric Frobenius element to u. 

If if is a p-adic Lie group, e.g. H = G(Q P ) where G is an algebraic group 
over Q p , we call a continuous representation of H over E any p-adic Banach 
space IT over E endowed with an i?-linear action of H such that the action map 
H x II — > IT is continuous. If G is a connected reductive algebraic group over 
Z p , we call a Serre weight for G(F p ) any irreducible representation of G(F p ) (or 
equivalently any irreducible smooth representation of G(Z P )) over fc^. A Serre 
weight is in fact absolutely irreducible and defined over F p when G is split. The 
other notation will be introduced in the body of the text. 

We would like to thank L. Clozel, M. Emerton, G. Henniart, S. Morra, S. W. 
Shin, and P.-J. White for discussions related to this work. We would also like to 
thank especially T. Gee and D. Geraghty for patiently answering our questions. 
The second author would like to thank the University of Paris 11, where some of 
this work was carried out. 



2 The algebraic representation 

We define the algebraic representation L® and study its restriction to certain 
subgroups of the Borel subgroup. 

2.1 Definition of the representation LP 

We define the algebraic representation LP of G over E. 

Let H/E be a split connected reductive algebraic group. Let T C H be a split 
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maximal torus (over E), X(T) = Hom alg (T, G m ) the group of characters of T and 
X V (T) = Hom alg (G m , T) its group of cocharacters. We let (X(T), R, X V (T), R v ) 
be the root datum of H, where R C X(T) (resp. R v C X V (T)) is the set of roots 
(resp. coroots). For a G R, we let s a be the reflection on X(T) associated to a 
and recall that s a (x) = x — (x, a y )a for x G X(T). We let be the Weyl group, 
that is, the subgroup of automorphisms of X(T) generated by the s a for a G R. 

We fix a choice of simple roots S C. R and denote by R + C i? the positive 
roots, i.e. the roots that are in ©^g^Z^oa. We finally let H dei be the derived 
algebraic subgroup of H and H the dual algebraic group of H. We recall the 
following standard proposition. 

Proposition 2.1.1. The following conditions are equivalent: 

(i) the dual group H has connected centre; 

(ii) the derived subgroup H der is (semi-simple) simply connected; 

(iii) there exists (X a )aes G X(T)I 5 ' such that for any f3 G S: 



We assume from now on that H satisfies the equivalent conditions of Propo- 
sition 12.1.11 If A G X(T) is a dominant weight (with respect to our choice of 
positive roots), we denote by L(X) the irreducible algebraic representation of H 
over E with highest weight A. Let X°{T) := {A G X(T) : (A, (3 V ) = V/3 V G i? v }. 
Then L(X) has dimension 1 if and only if A G X°(T). The weights A a of Propo- 
sition 12.1.11 for a G S are clearly dominant and are called fundamental weights. 
They are uniquely defined in X(T)/X°(T), that is, one can obviously replace X a 
by X a + A for any A G Hom a i g (if, G m ) = X°(T). However this only changes 
L(X a ) by a twist by a 1-dimensional L(Xq). 

Definition 2.1.2. Assume H has connected centre or equivalently H der is simply 
connected. The fundamental algebraic representations of H are the irreducible 
representations (L(\ a )) ae g (defined up to twist). 

Example 2.1.3. We briefly give the examples of H = GL„ and H = GSp 2n 



When H = GL„, T is the torus of diagonal matrices and B the upper triangular 
matrices, we have X(T) = Zei © ■ • • © Ze n , where is the character sending 
diag(xi, . . . ,x n ) to Xi and S = {e { - e i+1 : 1 < z < n - 1}. Then A e! _ 6i+1 = 
ei + e 2 + • • ■ + ej (up to an element of X°(T) = Z(ei + ■ ■ • + e n )) and we have 




a = /3 



(n > 2). 



L(A 



)=A^,(Std) l<z<n-l (up to a twist), 
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where Std is the standard n-dimensional algebraic representation of GL„ over E. 
When H = GSp 2n = {A G GL 2 „ : t(A) ( ) A = x ( _° ln ft ) for some x G 
G m } (r is the transpose in GL„), T is the torus of diagonal matrices in GSp 2n and 
B the upper triangular matrices in GSp 2n , we have X{T) = 7Le\ © ■ • • © Ze„ © Ze, 
where e, (resp. e) is the character sending diag( ) to a;,- 

(resp. x) and S* = {e^ — e i+ i : 1 < i < ra — 1, 2e n — e}. Then A ei _ e4+1 = ei + - • 
1 < z < n — 1 and A 2en _ e — ei + • • • + e„ (up to an element of X°(T) = Ze). 
If Std is the standard 2n-dimensional algebraic representation of GSp 2ri over E, 
there is for 2 < i < n a surjection ^ l : A^(Std) -» A^T 2 (Std) and we have 
L(A ei _ e2 ) = Std, L(A 2e „_ e ) = Ker(^") and 

L(A ei _ ei+1 ) = Ker(^), 2 < z < n — 1 (all up to a twist). 



We define the following algebraic representation of H over E: 

L® :=(g)I(A a ). 

It is a reducible algebraic representation in general. The representation LP de- 
pends on the choice of weights A a as in Proposition 12. 1 . TT iii) . but any change 
in this choice only modifies LP by a twist, which won't affect the results of this 
paper. We just keep in mind in the sequel that LP is canonical only up to twist. 

Proposition 2.1.4. There is an algebraic character A G Hom alg (iJ, G m ) = 
X°(T) such that (LP) V = LP © L(A ). 



Proof. Let Wq be the longest element of W. Then — u> permutes the elements of 
S, and thus we have from Definition 12.1.21 

-w (X a ) - X- Wo ( a ) G X°(T) for any a G S. 

Since L(A a ) v = L(— w X a ), we get 

L(\ a ) V = ^(A_«, ( a )) © L( — ^(Aq,) — \- WQ ( a )). 

Setting A := E ae s(-^o( A «) - X- Wo(a) ) G X°(T), we deduce (Z^) v = LP © 
£(Ao). □ 

Remark 2.1.5. Any change in the choice of the X a that doesn't affect Y2 a &s ^ a 
doesn't change LP either (as is immediately checked). 



Note that, if H = Hi x if 2 , then one has LP = Lf ©# Lf (where we index by 
i everything related to Hi, i = 1, 2). 
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2.2 Multiplicity one weights of L c 



We determine the weights of PP\t which occur with multiplicity 1. We keep the 
notation of §2.11 

We start with some lemmas. 

Lemma 2.2.1. Let a G R + and f3 G S. If s a (Xpi) = X^ for all f3' G S except 
possibly (3, then s^Xp) = Xp — a. 



Proof. We have 

(A/3 - s a (\p), a v ) = 2(A/3, ct v ), 

where (A/3, a v ) is the coordinate of (3 V in a v (using the properties of the funda- 
mental weight A/3, see Proposition ^. l.ip . Since s a (X/3i) = Xp> for all 0' G 5*\{/3}, 
this coordinate is for 0' ^ (3 and we thus get a v G Z/3 V . Since Z(3 V DR V = ±/3 v 
and a is a positive root, we have a = (3 which finishes the proof. □ 



For A,/i G X(T), we write fi < X (resp. fi > A) if A — fi G © ae sZ> a (resp. 
A — fi G © Qe 5Z< a). We write /1 < A (resp. // > A) if // < A and A ^ /i (resp. 
/i > A and A ^ /t). We recall that A G X(T) is said to be dominant if (A, a v ) > 
for all a G 

Lemma 2.2.2. Let A G -^(T) fre a dominant weight and fi be a weight that 
appears in L(X)\t- Then there exist an integer s > 1, a sequence of weights 
fix, . . . , fi s in L(X)\t and a sequence of positive roots an, . . . , ct s _i satisfying the 
following conditions: 



(i) H\ = X and fi s = fi; 

(ii) SaXtii) < Hi+i < Hi for all i G {1, . . . , s - 1}. 



Proof. Since (ii) is empty when s = 1, we can assume /1 < A. We use the 
following result: there exists a G R + such that fi + a < X and fi + a is still a 
weight of L(X)\t- Indeed, if fi is not dominant, then we can take any a G R + 
such that (/i,a v ) < (the weight fi + a appears in L(X)\t being between \i 
and s a (fi) = fi — (fi,a y )a). If is dominant, then by a result of Stembridge 
(see |RapOO[ Lem. 2.3]) there exists a G R + such that fi + a < X and fi + a 
is still a dominant weight, hence /1 + a still appears in L(A)|t- Choosing such 
an a, the set of weights fi + ia for i £ Z that appear in L(A)|y is of the form 
{fi — iia,fi — (ii ~ 1)«, • • • ,/i + «2«} for some i\ G Z> and some i 2 G Z>i, and we 
have /i — iia = s a (/i + z^a) < fi < fi + iict. If fi' 2 '■— fi + iict < A, we start again 
with another positive root (3 such that fi' 2 + (3 < X (and fi' 2 + (3 appears in L(A)|t) 
and get a weight fi' 3 such that s a (fi' 3 ) < fi' 2 < /4- Since all weights in L(A)|t 
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are bounded by A, we necessarily reach A after a finite number of iterations, say 
s — 1. We finally set fi s := /i and /ij := /i' s+1 _j for i G {1, . . . ,s — 1}. □ 

Lemma 2.2.3. Let n G Z> x and Ai, . . . , A n G -AT(T) 6e dominant. The weights 
that appear in ®" =1 I/(Aj)|r are the weights that appear in L(^2™ =1 Aj) \t {up to 
multiplicity). 

Proof. Since ^i) i s a direct summand of ®™ =1 L(\i), the weights that ap- 

pear in L(Y^l = i Ai)|t clearly all appear in ®" =1 L(Aj)|r- Let us prove the converse. 
Let fii + ■ ■ • + // n be a weight of ®" =1 L(Aj)|;r, where \ii is a weight of L(Aj)|r- 
We use the following well-known result: if A G X(T) is a dominant weight, then 
the weights that appear in L(\)\ T (up to multiplicity) are exactly all the weights 
fi G X(T) satisfying the following condition: 

A - w(/j) G © a65 Z> « Vw G W. (1) 

For w G VK, we have Aj — w(fii) G ©o^Z^a by applying ([T]) to L(\i). By 
summing, we get 

n n 

Yl Xi ~ w ( Yl ^) G ©*esZ> a Vw G W, 

i=l i=l 

which implies that Y17=i i s a weight of ^(XliLi ^%)\t- D 

We now state the main theorem of this section. 

Theorem 2.2.4. The weights of FP\t that occur with multiplicity 1 are exactly 
the weights {w{Ylaes Xa ) ' w e W}. 

Proof. Let A := X]/3es -V- Since A occurs with multiplicity 1, the same holds 
for all the weights in its H^-orbit. Let /i G X{T) be a weight of L®\t, we have 
to prove that either fi occurs with multiplicity > 1 or fi is in the P^-orbit of 
A. By Lemma 12.2.3} fi occurs in L(X)\t- We will make an induction on the 
smallest integer s([i) > 1 such that there are weights /ii, . . . ,/i s ( M ) in L(X)\ T and 
positive roots ai, . . . , a^-i as in Lemma [2.2.2L If s(/x) = 1, then \i = \i\ = A 
and the statement is obvious. Let us assume s(/x) > 1 (i.e. fi < A) and that 
the statement is true for all weights //' of L®\ T with 1 < s(fi') < s(fi). By 
the induction hypothesis applied to // s ( M )_i, we have that either /i s ( At )_i occurs 
with multiplicity > 1 or n s (^)-i is in the W-orbit of A. In the first case, we 
immediately deduce that s a , ^ (/Lts(^)— l) occurs with multiplicity > 1, as well as 
all the weights between s a , ) _ 1 (jt/ s ( /i )_i) and h b (jj)-i (consider the restriction of 
P?\t to the subgroup SL 2 corresponding to the root a s ( M )_i). So in particular 
/i occurs with multiplicity > 1 in P?\t- In the second case, let w G W be such 
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that /i s ( M )-i = w(X). Applying w^ 1 (which doesn't change the multiplicities), we 
can assume fi s (^)-i = A and s a (X) < fi < A, where a := w~ 1 (a s ( fl yi) (which 
is still a positive root). For (3 E S, let rip := (Xp,a y ) G Z> . All the weights 
A/3 — ia for < % < rip appear in L(Xp)\r- Let % E {1, . . . , Ylpes n p} sucn that 
fM — X — ia. If i = Xl^es ,n / 3 ' then /i = Sq,(A) is in the VF-orbit of A and we are 
done. Let us assume 1 < % < (J^pes 71 / 3 ) ~ ^- We can write % = J^aes*/ 3 ^ or 
some G {0, . . . ,rip}. Since /i > s a (A), there exists (3i E S such that ^ 
and < ip 1 < rip 1 — 1. Since fi < A, there exists (3 2 E S such that rig 2 7^ and 
1 < ip 2 < ^/3 2 - W we can fi n< i sucn /?2 which are distinct, then \i appears at 
least twice in L(X)\t since we can write 

fx = J2(Xp - ipa) 
pas 

If we can't, then we have 1 < < n j g 1 — 1 and = for all /3 ^ (3±. By Lemma 
12.2. 1[ since np x > 2 there exists E S, f3 2 ^ (3\ such that ng 2 > 1. Then // again 
appears at least twice in L(X)\t since we can write 

P = Y X P + ( x Pi ~ ipi a ) 

/3eS\{/3i} 

PeS\{p lt p2} 

□ 

Remark 2.2.5. By using Weyl's character formula, one can actually prove the 
stronger result that the weights of L(X)\t (A = J2pes A ^) that occur with multi- 
plicity 1 are only the weights in the VT-orbit of A (it is indeed stronger because 
of Lemma \2. 2. 31) . Since any weight of L(X)\t is in the VT-orbit of some dominant 
weight and since the multiplicity is constant on a VT-orbit, we are reduced to 
proving that if a weight fi of L(X)\t is dominant and distinct from A, then it 
occurs with multiplicity > 1. Arguing as in the proof of lemma 12.2.21 and using 
again the fact that, if fii occurs with multiplicity > 1 in L(X)\t, then the same 
holds for all the weights between s ai (/^) and we can easily reduce to the case 
fi is as big as possible for the order relation <. The same use of Stembridge's 
lemma as in loc. cit. then yields \i = X — (3 for some (3 E R + . If (3 E S, we easily 
check that A — f3 = sp(\) and thus A — (3 is not dominant, hence (3 E R + \S. We 
now use Weyl's character formula for L(X) which states that the multiplicity of a 
weight v in L{X)\ T is the coefficient of e(u — (A — p)) in the ratio (see e.g. |Jan03t 
§11.5]) 

n aeR+( e(f)-e(-f)) = U {<^ + <-2n = e{p) 
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where p := ~ J2 a &R+ a ( we have A — p G X°(T) M/ Cg> z Q). Since j5 is not simple, 
there exist 7 G i? + and 5 E S such that /3 = 7 + 5 and we see that the coefficient 
of e(A — /3 — (A — p)) = e(p — (3) is already 2 in the factor e(p)(l + e(— /3))(1 + 
e(- 7 ))(l + e (-5)). 

Definition 2.2.6. An ordinary weight of TP is a weight iu( as * n The- 

orem E231 

Remark 2.2.7. In the sequel, we will actually only need the easy part of Theorem 
I2.2.4| that is, any ordinary weight of TP occurs with multiplicity 1. 

2.3 On the restriction of LP to various subgroups I 

For certain subgroups B c of the Borel subgroup B we define -Bp-representations 
(TP\ Bc ) ord and L C;WC . We keep the notation of §Oand §221 

Let B = TU C H be the Borel subgroup (over E) containing T which corre- 
sponds to our choice of positive roots R + , where U C B is the unipotent radical 
of 5. If a G -R, recall that one has an associated root subgroup U a C if such 
that a is the only root of U a (see e.g. [Jan031 §11.1.2]). We have a G R + if and 
only if U a C. B. A subset C C R is said to be closed if the following condition 
is satisfied: if a G C, (5 G C and a + /3 G R then a + /3 G C If C C R + is a 
closed subset, we let Uq Q U be the Zariski closed subgroup of 5 generated by 
the root subgroups U a for a G C. For instance one has U = {1} and U R + = U. 
The roots of the algebraic group Uc are exactly the roots in C ( |Jan03t §11.1.7]). 
We let Be := TUc Q B, it is a (Zariski) closed subgroup of B. 

Lemma 2.3.1. Let B' C B be a Zariski closed algebraic subgroup containing T. 
Then there exists a closed subset C C R + such that B' = Be- 

Proof. Since T C B', we have B' = TU' , where U' := B' D C/ is stable under 
conjugation by T (or T-stable in the sense of [Bor91j ). By [Bor91l Prop. 14.4(2)], 
we have Lie(U') = © ae cLie(L r a ) for some subset C C Now let a, (3 G C such 
that a + /3 G -R. Since {/' is closed, it contains the closure U" of the commutator 
group [U a ,U p ]. By |Bor91l Prop. 3.17], Lie(U") contains [Lie(U a ), Lie(t^)]. Since 
[Lie(C/" a ),Lie(C^)] = Lie(£7 Q+/3 ) ( |Bor91L Rk. 14.5(2)], we use here that £ has 
characteristic 0), we finally get IAe(U a +p) C Lie(f/') and hence a + /3 G C. This 
shows that C is closed. □ 

Lemma 2.3.2. Let C C i? + 6e a closed subset and I C C be a subset satisfying 
the following conditions: 

(i) a root in I is never the sum of more than one root in C ; 
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(ii) for any distinct a, (3 G I, one has (Z> a © Z> /3) D R — {a, (3}. 

Then I and C\I are closed subsets of R + , Uc\i is a normal subgroup ofUc, Ui is 
a commutative subgroup ofUc (isomorphic to Ylaei U<*) an< ^ one ^ as a semi-direct 
product Uc = Uc\i x Uj. 

Proof. Condition (ii) obviously implies that / is closed whereas condition (i) 
together with C being closed imply C\I is also closed. Thus Ui and Uc\i are well- 
defined subgroups of Uc and one has an isomorphism of varieties UjUc\i — > Uc- 
Let a G I, u G U a and (3 G C\I, then the commutation formula |Jan03t §11.1.2(5)] 
together with condition (i) imply uUpW 1 C Uc\i- This implies that Uc\i is 
normal in Uc and hence that Uc = Uc\i x Uj. Finally, if a, (3 are distinct roots 
in I, by (ii) there exist no positive integers i,j such that ia + j(3 G R and by 
[Jan031 §11.1.2(5)] again we see that U a and Up must commute with each other 
in Uc- This finishes the proof. □ 

If L\,Ij2 C IP\b c are two -Bc-subrepresentations such that all their 
weights are ordinary, it is clear that the same holds for L\ + L 2 C LP \ Bc . 

Definition 2.3.3. We let 

/ j® I \ord (— r® I 
\L \B C ) L L, \ Bc 

be the maximal -Bc-subrepresentation of I?\b c such that all its weights are ordi- 
nary. We say (LP\B c ) ord is the ordinary part of the algebraic 5c- re P resen tation 

L \B C - 

By (the easy direction in) Theorem 12.2.2} the representation (L®|_B c ) ord is 
multiplicity free. 

Example 2.3.4. For C = 0, one obviously has (L®| T ) ord = ©„ 6 iyw(i; aeS A a ). 

Remark 2.3.5. (i) Since the ordinary weights occur with multiplicity 1 in L® 
and also occur in its direct summand L(^2 aeS X a ) (Lemma 12.2.31) . we see that 
(LP\ Bc r d C L(E ae5 \ a )\B c for all C. 

(ii) If H = Fi X H 2 and C = d U C 2 C R + = Rf II i?+ then one easily checks 
that (L®| Bc ) ord = (If \ Bcl ) old ®b (If |s C2 ) ord (where we index by % everything 
related to Hi, i = 1, 2). 

(iii) One could also define the maximal quotient (L®\ Bc ) rd of I®|b c such that 
all its weights are ordinary. From Proposition 12.1.41 it is easy to deduce an 
isomorphism (I®|,B c )ord — ((L®\B c ) old ) w ® L(— X ) for Ao as in that proposition. 

We now define certain Sc-representations Lc, Wc - We will show in the next 
section that they appear in (I®| Bc ) ord . 
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We first define the following subset of W: 

W c :={weW : w-\C) C R + }. (2) 

For instance one has W = W and Wr+ = {1}. One immediately checks that 
w~ x {C) is again a closed subset of R + for w G Wc- Let N H (T) be the normalizer 
of T in if and recall that the algebraic group Njj(T) /T is a finite group isomorphic 
to W. For if G W, we let w be a representative of w in Njj(T) (the choice of 
which essentially won't matter). The following (easy) lemma gives an alternative 
description of Wc- 

Lemma 2.3.6. Let C C R + be a closed subset. Then one has 

W c = {w EW : w~ l B c w C B}. 

Proof. For w E W and a <E R one has w^UaW = U w -i^ ( |Jan03( §11.1.4(5)]). 
Assume u> G Wcr, then we get w~ l Bcw = B w -i^ C ) Q B. Assume w~ 1 Bcw C £>, 
then in particular w~ l U a w = U w -ii a \ C 5 for any a G C which implies w _1 («) G 
_R + , hence w G W c . □ 

Recall that two roots a, (3 G R are orthogonal if (a,/3 v ) = 0, or equivalently 

</3,a v > = 0. 

Lemma 2.3.7. Let C C R + be a closed subset, wc G Wc and I C Wc(S) HC be 
a subset of pairwise orthogonal roots. Then I satisfies conditions (i) and (ii) of 
Lemma UnTR 

Proof. Let a, (3 be two distinct orthogonal roots in wc{S) fl C and assume ia + 
j/3 G R for some nonzero integers Applying w^ 1 , we get iw c 1 (a) +jw c 1 ((3) G 
i? with w^ 1 (a) and w^ 1 (/3) being orthogonal simple roots. In particular i and 
j must have the same sign. But we also have s w -i^(iw^ (a) + jw c ^{(3)) = 

—iw c 1 {a) + jw c 1 ((3) G R which is impossible since — i and j now have different 
signs. Thus condition (ii) of Lemma \2 . 3 . 21 holds (even in the stronger form (Za© 
Z/3) D R — {±«, Now assume a G Wc{S) fl C is the sum of several roots in 

C, then Wq 1 {q) G S is the sum of several roots in w^iC) C R + which is again 
impossible since w^i^a) is simple. This gives condition (i) of Lemma [2.3.21 □ 

For C and I as in Lemma I2.3.7( we thus have Uc = Uc\i x Uj with JJi 
commutative (Lemma 12. 3.2(1 . 

Now let C C i? + be a closed subset, kjc G Wc, ^ ^ w c(S) fl C be a subset of 
pairwise orthogonal roots, and set A := J2 a <=s Let Hj be the Levi subgroup 
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of H that contains T and whose roots are ±7. Then Bj = TUj is the Borel 
subgroup Hj D B of Hj. We have 

(w c (X) 1 a v ) = l Mae I. (3) 

In particular, %(A) is a dominant weight for Hj. Let L/ be the ^/-representation 
obtained by restriction from the irreducible iff-representation over E of highest 
weight Wc{X). We view Li as a representation of Be via the quotient map 
Be -» Bi — Bc/Uc\i (see Lemma 12.3. 2[) . If I' C /, it is clear that there is 
a 5(7-equivariant injection Lp <— >• L/ which is unique up to multiplication by a 
nonzero scalar (its image is the .B/'-subrepresentation of Li generated by Wc(X))- 
We fix a compatible system of such injections, that is, such that for any inclusions 
I" C F C I the corresponding diagram of injections is commutative (it is always 
possible to do so, note that there is only a finite number of J). We then define 
the inductive limit 

L C)WC := lirnL/, (4) 

T 

where I runs among the subsets of wc{S) nC of pairwise orthogonal roots. More 
explicitly, Lc >Wc * s the quotient of ©/Lj by the subrepresentation generated by 
elements X © X G Lp © Li for all x G Lp and all subsets I' C J C wc(S) D C of 
pairwise orthogonal roots. Up to isomorphism the representation Lc> c does n °t 
depend on the above choice of compatible system of injections and note that the 
canonical maps L/ — > L c , wc are all injections. 

One can give a more explicit description of Lp By the same proof as for 
Lemma [3. 1.41 below (applied to H and /, use that Wq (I) C S) we have /// = 
T'j x GL^ for some subtorus T[ C T. Correspondingly, T = Tj x Yl a ei^ a anc ^ 
B / = T l x Il ae /5 a . Then 

^/ = w c (A)| T; ® C^lA (5) 

where L a is the restriction to B a of the irreducible GL 2 -representation over E 
of highest weight Wc(X)\T a - Equation (j3J) shows that L a is the unique non-split 
extension of w c (\)\T a by s a w c (\)\T a - 

Example 2.3.8. For C = and w G W = W, one obviously has L <W0 = 

The following lemma follows directly from the construction of Lc, Wc since the 
socle filtration is compatible with subobjects. 

Lemma 2.3.9. Let C C i? + be a closed subset and wc G Wo- The Bq- 

representation Lc, Wc has socle filtration = Fil_iLc> C Filo-^c^o • • • s^c/i 
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that for j G Z> 0; 

FiljLc^a/Filj^Lc,^ = ((II S -) WC )(S A 

icw c (s)nc ^ aei ' aes 

\i\=j 

w c(J2 Xa )-J2 a 

ICw c (S)nC a£S a£l 

for I running among the subsets of wc{S) fl C of pairwise orthogonal roots. 

2.4 On the restriction of L® to various subgroups II 

We completely describe (LP\B c ) md for all closed subsets C C R + in terms of the 
representations Lc )Wc of (jl]). We keep the notation of £12. 11 §2.21 and £12.31 

This section entirely consists of the proof of the following theorem. 

Theorem 2.4.1. Let C C R + be a closed subset, then 

{L®\ Bc ) mA = L c , wc . 

wc&Wc 

Proof. As the weights w(X) occur with multiplicity 1 in L®, we often identify 
w(X) G A(T) with the corresponding 1-dimensional subspace of L® . 

Step 1: We prove soc Bc (L® |s c ) ord = ®«, c gw c %(A). 

We first prove that the stabilizer of the highest weight space A in H is B. It 
is a closed subgroup of H that contains B, hence it is a parabolic subgroup 
QBor91, Cor. 11.2]). But it cannot contain any of the root subgroups U- a for 
a G R + . Indeed, otherwise it would also contain s a but we never have s a (X) = A 
as (A,a v ) = X]/3es(-V' ^ s always negative (in particular never 0). Thus this 
stabilizer must be B itself. Then w(X) is a weight of socb c {L®\b c ) if and only 
if Be fixes the subspace w(X) if and only if w~ l Bcw fixes the subspace A if and 
only if w~ 1 Bc , w C B if and only if w G Wc by Lemma [2.3.61 This finishes the 
proof of Step 1. 

Step 2: We prove that for w G W such that to (A) is a weight of (L®\B c ) ord 
the following properties hold: 

(i) the elements of C D —w(R + ) are contained in —w(S) and are pairwise 
orthogonal; 

(ii) ((ILgj ( A ) = W ( X ) + E a6 / « for all subsets KCn -w( J R+); 
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(iii) ((Uaecn- W (R+) s a ) w )W is a wei g ht of soc jBc (L®| jBc ) ord . 

Note that the order of the s a in (ii) and (iii) is irrelevant by (i). We induct 
on \C n ~w(R + )\. If C n -w(R + ) = 0, then w G W c , (i) and (ii) are triv- 
ial and (iii) is proven in Step 1. Otherwise, pick (3 G C fl — w(R + ). We have 
Spw(\) = w(X) + np/3, where ng = -(w(A),/3 v ) = (A, -w -1 ^) 7 } > 0, as 
/3 G — u>(/? + ). Thus all weights u>(A) + for < n < rip have to occur in the 
f/g-subrepresentation generated by w(X) as immediately follows from the prop- 
erties of algebraic representations of SL 2 in characteristic 0, hence in (L®\B c ) ord - 
However, none of the intermediate weights with < n < rip can be ordinary. 
Indeed, otherwise we could use the Weyl group action to map such an interme- 
diate weight to A. But since any other weight of is smaller than A in the 
dominance order it cannot lie on the line segment spanned by two other weights. 
Therefore spw(X) = w(X) + f3 and, since (A, 7 V ) > 1 for all 7 G R + \S, we see that 
— w~ l (f3) G S. In other words, (i') (3 G —w(S). As s w -i^ is a simple reflection, 
it maps precisely one positive root to a negative root, namely — w _1 (/3). There- 
fore C PI —w(R + ) = (Cfl — (s/3w)(R + )) II {(3} is a disjoint union. The induction 
hypothesis for Spw shows that: 

(i") C n — (spw)(R + ) consists of pairwise orthogonal roots in —w(S); 

( n ') ((rL G /^) s /3 w )( A ) = (spw)(\) + J2aei a = W W + Eae/u{/3} a for a11 sub- 
sets KCn -(spw)(R+); 

(iii) {(U.aeCn-(s w)(R+) s a )spw)(\) is a weight of soc i?c ,(L®| i j c ,) ord . 

It remains to show that (3 is orthogonal to any a G C fl — (s/3w)(R + ) as then (i) 
follows from (f) and (i") and (ii) follows from (ii') by considering all choices of 
(3 G C fl — w(R + ). From (ii') we see that (s a spw)(\) = w(\) + a + (3. But, by 
applying the above argument with a instead of (3, it also equals s a (w(X) + (3) = 
w(X) + a + s a ((3), so s a ((3) = (3, i.e. a and (3 are orthogonal. This finishes the 
proof of Step 2. 

Step 3: We prove that for w G W such that w(X) is a weight of (L®|s c ) ord the 
-Bc-subrepresentation (Be -w(X)) of (L®\B c ) ord (or equivalently of IP\b c ) gener- 
ated by w(X) is isomorphic to one of the representations Lj in (jSJ). 
Let / := Cfl — w(R + ), Wc '■= (Yl aE i s a )w and note that / C Wc{S) fl C by 
(i) of Step 2 (use that I = — (Y[ a ei s a)(-0) anc ^ ^ na ^ w c(^) is a weight of 
soc Bc ,(L®| Bc ) ord by (iii) of Step 2. By Step 1 it follows that w c G W c . Note 
that Uc\i acts trivially on the subspace w(X), as [/ acts trivially on the highest 
weight space A. By Lemma 12. 3. 2\ it follows that (Be ■ w(X)) = (Bj • w(X)). Also 
note that Uj fixes w(X) (where Uj is the unipotent subgroup generated by the 
LL a , a G I), so (-B/ • w(A)) is the irreducible .^-representation of lowest weight 



18 



w(X). Its highest weight is ((Ilasi s a) w )W — w cW- By definition of L/ we 
therefore have (Bj • w(\)) = Lj as L> c - representation. 

Step 4: We prove the theorem. 

For any wc G Wc and any subset I C wc(S) flC of pairwise orthogonal roots, it is 
easy to check that w := dlae/ s a) w c £ W is such that the L?c-subrepresentation 
of L® generated by w(X) has socle wc(\) and constituents ((Ylaci' s a) w c)(ty 
for L C / (use that (A,/3 V ) = 1 for all /3 G 5*, we leave here the details to 
the reader), in particular sits in (L®\B c ) ovd - Moreover we clearly have I — C d 
—w(R + ) and this L>c-subrepresentation is thus Lf. Conversely, we have seen 
that for any w G W such that w(X) is a weight of (L®\ Bc ) old there is wc G Wc 
and a subset / C w c (S) fl C such that the L>c-subrepresentation of (L®\ Bc ) ord 
generated by w(X) is Lf . Let W^wcO C W be the subset of w such that the 
.Bc-subrepresentation generated by w(\) sits in (L®|s c ) ord and has socle u>c(A), 
and let E% wc ^ (^Ibc) ^ ^ e ^ ne sum °f an these L? c -subrepresentations for all 
w G W(wc)- By what is just above we have 

L®, = limLf, 

where I runs among the subsets of wc(S) fl C of pairwise orthogonal roots and 
where the injections are the canonical inclusions inside (L®|s c ) ord . Since, for 
/' C /, there is only one injection Lf, ^ Lf up to multiplication by a nonzero 
scalar (as both representations have the same socle), we deduce from Step 3 that 
the inductive limit limLf is isomorphic to the inductive limit limL/ of (T4|) and 

that we have a L^-isomorphism L®^ = Lc> c for all wc G Wc- Now, the 
canonical map given by the direct sum of the inclusions 

L C,wo y \ L \ B c> 

wc&Wc 

is L?c-equivariant, surjective (as any w(\) being a weight of (L®|£ c ) ord sits in one 
L% Wc ) an d injective (as it is an isomorphism on the socles). This finishes the 
proof of the theorem. □ 

Remark 2.4.2. (i) Note that we have used in Step 2 of the above proof that E 
has characteristic 0. 

(ii) If H = H x x H 2 , C = d H C 2 C R+ = R+ II R+ and w c = (w Cl ,w C2 ) G 
W c = W Cl x W C2 Ciy = ^ 1 xW 2 ,one has L c , Wc = L Cl , WCl ®e L C2 , Wc . 2 (where 
we index by i everything related to Hi, i = 1, 2), see Remark 12.3. 5f ii). 

2.5 Variant mod p 

We give a variant of the previous results when the ground field is kg and not E. 
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We consider H/Oe a split connected reductive algebraic group, T C H a 
split maximal torus over Oe and B a Borel subgroup over Oe containing T. 
We define (X(T), R, X V (T), R v ) , 5, R + and W as before. We assume that the 
derived subgroup H deT is simply connected and denote by X a G X(T), a E S the 
fundamental weights. 

For A G X(T) a dominant weight, we consider the following algebraic repre- 
sentation of H over Oe- 



L{\) /0e := (indf.A) 



/Ob' 



where B is the Borel opposite to B and ind means the algebraic induction 
functor of |Jan03| §1.3.3] and we set 



L(A) := L(\) /0e ® 0e k E = (indf-A) ^ 
where the last equality follows from |Jan03t 11.8.8(1)]. We then define as in §2.1[ 
I® := (g) L(X a ) = ( (g) L(X a ) /OE ) ®o E k E . (6) 

aeS aeS 

It follows from Theorem 12.2.41 and the second equality in (jS]) that the weights 
w (J2 a ^a) for w E W are the only weights that occur exactly once in L \ T and 
we call them ordinary weights of . If C C R + is a closed subset and if Be Q B 
is the associated closed subgroup of B ( §2.31) . as in Definition 12.3.31 we define 
(lf ) \B c ) mA Q L®\ Bc to be the maximal I?c*-subrepresentation of L®\ Bc such that 
all its weights are ordinary. 

For wc G Wc (see ([2])) and / C wc(S) fl C a subset of pairwise orthogonal 
roots, we define an algebraic ^/-representation Lj over k E as in ^ (using ([3])) 
which is still the restriction to Bj of the irreducible ^/-representation over kE of 
highest weight wc(X)- If I' Q I then Lp embeds into L[ (uniquely up to nonzero 
scalar) and we set Lc, Wc '■= limL/ as in (jlj). Lemma 12.3.91 still holds for Lc, Wc . 

i 

Definition 2.5.1 ( |SS70l §4.3]). We say that p is a good prime for H if (A Q ,/3 V ) < 
p for all a G S and f3 G 



Explicitly, p fails to be a good prime only in the following cases: p = 2 and 
the root system of H has an irreducible component not of type A r ; p = 3 and the 
root system of H has an irreducible component of type E r , F 4 , G2; p = 5 and the 
root system of H has an irreducible component of type Eg. In particular, note 
that p is a good prime for H if p > 5 or if H = GL n . 
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Theorem 2.5.2. Let C C R + be a closed subset. 

(i) We have an embedding of Be -representations over kg, 



ord 



L c , wc {L®\ Bc 

which is an isomorphism on the Bc-socles. 

(ii) Assume that p is a good prime for H . Then 

(J) Lc,w c (L^\b c )° tA - 

Proof, (i) Step 1 in the proof of Theorem 12.4.11 works over kg and 
yields soc Bc (L |B c ) ord = @ Wc aw c w c{X) (here A = ^2 aeS X a ). Let w c G W c and 
I Q wc(S) flCa subset of pairwise orthogonal roots, then the same proof as in 

— (El 

Step 3 of Theorem 12.4. II shows that the -Bf-subrepresentation of L \ Bl generated 
by ((riae/ s a)wc)(X) is Lj. (To see that (Bj ■ ((Ylaei s a)u)c)(X)) is irreducible as 
^/-representation, note that by [Jan03t Lem. II. 2. 13] it is a quotient of the Weyl 
module of Hj of highest weight wc(X) and that %(A) is a minuscule weight for 
Hi.) So we have Lj <^-> I^ls, for all such I and thus Lc,w c I^\b c - We deduce 
a map © u , c , gl y c ^c,xo c - ^ l-B c ) ord which is injective as it is an isomorphism on 
the socles. 

(ii) The crucial point in the proof of Theorem 12.4.11 where we use characteristic 
is in Step 2, see Remark I2.4.2( i). (We freely use the notation of this proof now.) 
First, using the argument in Step 2 that an ordinary weight of L cannot lie on 
the line segment spanned by two other distinct weights, it suffices to show that 
w(X) + (3 is a weight of the C/g-subrepresentation generated by w(X). (Note that 
spw(X) = w(X) + np/3 is the highest weight of this subrepresentation.) Suppose 
that A is a /c^-algebra (it would suffice to take A = k^) and that u G Up(A). For 
a G S suppose that x a G L(X a ) ®k E A is of weight X a , and let x := ® a es%a G 
L ® kE A. By |,Tann31 II.1.19(5)-(6)] we know that contained in the 

sum of weight spaces of weights w(X a ) + if3 with i > 0. Thus 

[UX - X] w (x)+I3 = f [ux a - X a } w{Xa ) + l3 <8> (^) xs), 

where [}^ denotes the projection to the //-weight space. Since the sum 
^2 [L(X a ) w (\ a )+p <S> (g) L{X S ) 

w(X s ) I — u 
aeS ^ SeS\{a} ' 

is direct, it suffices to show that w(X a ) + f3 is a weight of the C/g-subrepresentation 
of generated by w(X a ) for some a G S. Thus by the properties of algebraic repre- 
sentations of SL 2 in characteristic p it is enough to show that — p < (w(X a ), f3 y ) < 
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for some a G S. The lower bounds holds for all a since p is a good prime, and 
the upper bounds holds for at least one a since w^ 1 (f3) G — R + . □ 

Remark 2.5.3. Recall that the height of a positive root a = X^es^/ 3 ^ * s 
definition the positive integer h(a) := J^pes 71 ! 3 - ^ e let h := 1 + m&x{h(a) : a G 
R + } G Z >0 (when the root system associated to R is irreducible, h is called its 
Coxeter number). Note that, for a G S, the representation L(X a ) is no longer 
irreducible in general, but it is irreducible e.g. when p > 2h — 2 (by [Jan03, II. 5. 6]) 
or when H = GL n (as X a is minuscule then). But the above argument does not 
depend on the choice of if -stable O^-lattice L(X a )/o E in L(X a ). It only uses that 
L(A Q ) is an if-representation over ItE that has X a as its unique highest weight 
and such that the A Q -weight space has dimension one. 

3 The ^^-representation n(p) ord 

We construct the representation II(p) ord of G(Q P ) over E associated to a suffi- 
ciently generic ordinary representation p of Gal(Q p /Qp) over E. 

3.1 Some preliminaries 

We first give a few representation-theoretic preliminaries. 

We fix G/Qp a connected split reductive algebraic group, T C G a split 
maximal torus over Q p and we let (X(T), R, X V (T), R w ) be the root datum of 
G. We fix a choice S C R of simple roots, we let R + C R be the positive roots 
and BOG (resp. C G) the Borel subgroup corresponding to R + (resp. — R + ). 
The triple (G,B,T) is determined up to inner automorphism by the based root 
datum (X(T), S,X V (T), S v ). The dual based root datum (X V (T), S V ,X(T), 5) 

determines a dual triple (G, 5, T), where G is the dual group of G (over E) and 
X(f ) ~ X V (T). We let W be the Weyl group of (G, T) or equivalent^ of (G, f ). 
We endow the groups G(Q P ), S(Q P ), S~(Q P ), T(Q P ), G(E), B(E) and f (£) 
with their natural structure of p-adic analytic groups (in particular they are all 
topological groups). 

Let x '■ T(Q P ) — >■ be a continuous character that takes values in C E x 
(we say x is unitary). By inflation B~(Q P ) -» T(Q P ) — > 0%, we consider x as 
a continuous character of B~(Q P ). Following [Sch06j, we define the continuous 
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parabolic induction, 

(ind^Q j x) C '■= {/ '■ G(Qp) -> E, / is continuous and 

f(bg) = X(b)f(g) V6 G B„(Q p ), Vg G G(Q P )} (7) 

that we endow with an .E-linear left action of G(Q P ) by {gf)(g') '■= f(g'g) (g, g' G 
G(Q P ))- This is a p-adic Banach space with a unit ball given by 

{/ : G(Q p ) E , / is continuous and /(&«/) = x(&)/(#) V&, <?}. (8) 

By [Sch06, Prop. 2.4], the ab ove G (Qp)-action makes ( Ind^j^Q ^ an ad- 
missible unitary continuous representation of G(Q P ) (over E). Recall that, by 
continuous, we mean that the "evaluation" map 

G(Q p )x(I<« )X f°^(I, ld ^ )X f° 

is continuous. By admissible, we mean that the continuous dual 

((l<« )X f )• :=Ho„ w ((l<« )X f , £ ) 

is of finite type over the Iwasawa algebra E<S)o E ^e[[G(Z p )}} of G(Z P ) (here G(Z P ) 
is the Zp-points of an integral model of G over Z). Indeed, Iwasawa decompo- 
sition shows that restriction of functions in (J7|) from G(Q P ) to G(Z p ) yields an 

embedding of ( Ind^^qj ^ x) C m ^o the Banach space of continuous functions from 
G(Z P ) to E. As the dual of this latter space is the Iwasawa algebra of G(Z P ), 
this implies that ((ind^^^ x) C )* is a quotient of E ®o E ^[[^(Zp)]]. Finally, 

by unitary, we mean that ( Ind^^^ ^ xf contains an open ball stable by G(Q P ), 
for instance the unit ball dHJ). Recall that admissible unitary continuous repre- 
sentations of G(Q P ) on p-adic Banach spaces over E form an abelian category 
( [Sch06j . in fact unitarity is unnecessary). 

Theorem 3.1.1. (i) The G(Q P ) -representation (Ind B _^ \ )X) topologically 
of finite length. 

(ii) Assume that, for all a G S, the reduction x ° « v : Q p — > k E is not the trivial 
character, then (ind^^^ )X) C topologically irreducible. 

(iii) One has ( Ind^^ xf - ( Ind^f^ x') C if and only if x = x' ■ 

Proof, (i) It is enough to prove that the reduction mod rog of the unit ball (jHJ) 
is of finite length as a smooth representation of G(Q P ) over He- When G = GL n , 
this is due to one of us ( [Herllt Cor. 1.2(i)]). The general split case is due to 
Abe QAbelH Cor. 5.13]). 
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(ii) It is enough to prove that the reduction mod zue of the unit ball flS]) is 
irreducible as a smooth representation of G(Q P ) over k^. When G = GL n , this 
is due to Ollivier ( |O1106t Thm. 4]). The general split case is again due to Abe 
f jAbelll Thm. 1.3]). 

(hi) It is a direct consequence of |EmelOa| Cor. 4.3.5]. □ 

Let us mention the following "folklore" conjecture which is a (straightforward) 
strengthening of a special case of [Sch06t Conj. 2.5]. 

Conjecture 3.1.2. Let x '■ T(Q P ) — > C E x be a unitary continuous charac- 
ter. Then the G(Q P ) -representation (ind^^^ xf topologically irreducible if 
and only «/x°« v 7^ 1 f or every a G S. 

We now make the following two assumptions on G: its centre is connected and 
its derived subgroup is simply connected (or equivalently by Proposition 12. 1 . 1 1 the 
centre of its dual G is connected). As we have seen, this is equivalent to the fact 
that both G and G admit fundamental weights (Proposition I2.1.T]) . Following 
[BG12], we define a twisting element (for G) as an element 9 G X(T) such that 
for any a G S one has (#,a: v ) = 1. It is obviously unique modulo X°(T). If 
(A a )aes denote the fundamental weights of G, it is straightforward to check that 
6 := J2aes ^ a * s sucn a twisting element. 

Remark 3.1.3. A split connected reductive group with connected centre can 
have a twisting element without having fundamental weights. For instance con- 
sider the group (GL 2 x GL 2 )/G m , where G m embeds diagonally into the centre 
of GL 2 x GL 2 . 

For a G R, we denote by U a C G the root subgroup as in §2.31 If C C R 
is a closed subset, we denote by Gc the Zariski closed algebraic subgroup of G 
generated by T, U a and U- a for a G C. If C — {a}, we write G a instead of 
Gi a y. If J C S is a subset of pairwise orthogonal roots, then the same proof as 
in Lemma 12.3.71 shows that J is closed and thus Gj is defined (and its positive 
roots are exactly J). Moreover, in this case Gj is a Levi subgroup. 

Lemma 3.1.4. Let J C S be a subset of pairwise orthogonal roots. Then there 
is a subtorus T'j C T which is central in Gj such that Gj = Tj x GL2 . 

Proof. Denote by ZJ (resp. 7LR) the sublattice of X(T) generated by the roots in 
J (resp. in R). Since J C S we have that ZJ is a direct summand of Zi?. Since 
Zi? is a direct summand of X(T) (as G has a connected centre), the same holds 
for ZJ and hence Gj also has a connected centre Z(Gj). Replacing G by its dual 
G gives that the derived subgroup Gj cr of Gj is simply connected (Proposition 
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I2.1.ip . From the assumption on J, we easily get Gj er = SL 2 and thus its centre 
Z(Gj er ) is H2 ■ Consider the natural exact sequence 

1 — > Z(Gf T ) — )• Z(Gj) x Gf 1 — ► Gj — ► 1, 

where Z(G} er ) (njker(a)) n G^ er = Z(Gj) n G^ er embeds diagonally into 
Z{Gj) x Gj er . As Z(Gj) is connected (a torus), by the elementary divisor theo- 
rem, we can find an isomorphism Z(Gj) = T'j x G^ for some torus TjCTC Gj 
such that the natural map Z(Gj ei ) Z(Gj) is identified with the natural em- 
bedding /Xg ^ G^ ^ T'j x G^. Therefore we have 

G.-T^x ( Gm ^ SL2 ) J = n xGL 2 J . □ 



Recall that, if A is any commutative Q p - algebra, one has 

T(A) = Hom SpccWp) (Spec(A),Spec(Q p [X(T)])) 
= Hom z (X(T),A x ) 
= Hom z (X(T),Z) ® Z A X 
= X(f)® z A x , 

where A x is the multiplicative group of units in A. If x is any continuous character 

X : Gal(Q p /Q p ) -» Gal(Q p /Q p ) ab — ► T(£), 

we associate to x a continuous character x : T(Q P ) — >• £' x by taking the composite 
of the maps 

T(Q P ) = X(f) ® z Q x X(f ) ® z Gal(Q p /Q p ) ab -> X(f ) ® z f (£7) £ x , (9) 

where the first injection is induced by local class field theory. One can check 
that the character \ is uniquely determined by the relation \ o A = A o x for 
all A G X(T) = X{T) y and that, if w G W, the character w(x) (defined as 
w(x)(t) '■= xi^^tw) for w as in §2.31) corresponds to w(x) (defined as w(x)(g) := 

wx{g)w~ l ). 

(XX \ 

Example 3.1.5. If G — GL n and X = [ '■■ I then we have (via Q x ^ 

V Xn / 

Gal(Q p /Q p ) ab ) 
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3.2 Good conjugates of generic ordinary p 

We associate closed subsets of i? +v to a sufficiently generic "ordinary" represen- 
tation of Gal(Q p /Q p ). We keep the notation of §3.11 

We consider a continuous homomorphism p from Gal(Q p /Q p ) to G(E): 

p : Gal(Q p /Q p ) — > G{E). 

When p takes values in our fixed Borel subgroup B(E) of G(E) we say p is 
ordinary (this terminology is usually rather used in a more specific situation, 
but we don't want to introduce a new terminology). For any ordinary p, we let 
C p C i? +v be the closed subset of roots such that B Cp is the smallest closed 
subgroup of B containing T such that p takes values in Bc p (E), that is such that 
we have 

p : Gal(Q p /Q p ) — ► B Cp (E) C B(E) C 

Note that C p exists thanks to Lemma 12.3. 1[ Equivalently, C p is the smallest 
closed subset of R +y such that Bc p (E) contains all the p(g) for g G Gal(Q p /Q p ). 

For any closed subset C C i? +v we denote by Z7c the unipotent radical of Be 
and set U := £7r+v. For any a y G -R +v we denote by U a v C [/ the root subgroup 
associated to a y . Recall that the product induces an isomorphism of varieties 
(for any order on the a v ): 

i[u a , ^ U c . (10) 

There is a concrete way to get C p using (flOj) . First let b = tu G B(E) with t G 
f (E), ueU(E) and write it = n «« v in flE} (for (7 = R +v ) with w a v g U a v(E). 
Let 

:= {a v G R +v : W a v ^ 1}. 

Then we see that 6 G -Be is equivalent to C C for any closed subset C C i? +v . 
Therefore C p is the smallest closed subset of R +v containing all the subsets C p (g) itp 
for all g G Gal(Q p /Q p ). 

Lemma 3.2.1. Let C C i? +v 6e a closed subset and let ci{, . . . , be distinct 
roots in R +S/ \C. Then there is a permutation a on {l,...,n} such that for 
all i, ot^u\ is not in the smallest closed subset containing C and the for 
1 < j < i~ 1. 

Proof. We first prove that if a v and /3 V are two distinct roots in R +S/ \C such 
that /3 V belongs to the smallest closed subset containing C and a v then /i(a v ) < 
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h((3 y ) (where h(-) is the height of a positive root, see Remark 12. 5. 3p . Indeed, by 
assumption we have f3 y = na y + 7^ + • • • + 7^ for some 7^ G C and some n G Z >0 
hence h((3 y ) = nh(a y )+h(j y ) + - ■ -+h{^ y ) > h(a y ). To get the statement, we can 
thus take any permutation a such that h(a y ^) > h(a\ 2 -,) > • - • > h{a^, n \ □ 

For p ordinary, we define \ p : Gal(Q p /Q p ) -A B[E) -» f (£). 

Lemma 3.2.2. Lei p : Gal(Q p /Q p ) — > B Cp (E) C -B(-B) fre a continuous homo- 
morphism and assume that a y o £ p ^ 1 /or a// a v G R +y \C p . If a y G R +y \C p 
and w a v g C/ a v ; m q v ^ 1, then the subset C u -1 zs egim/ to £/ie smallest closed 

a V r q, V 

subset containing C p and a y . 

Proof. Denote by C P)Q ,v the smallest closed subset containing C p and a y and let 
Cp,« v Cp,a v be the subset of roots that are not the sum of at least two roots of 
C Pta v. Then C PjQ ,v is also the smallest closed subset containing a y and C PiQ v C\C p . 
It is thus enough to prove: 

(i) C u aVP u-J J CC p , a v; 

(ii) K}u(c fta vnc,)cc vpB -j. 

For g G Gal(Q p /Q p ), write = t(g) Up^c P PfaV with t{g) G f(£) and 
p(g)pv G Upv(E) (decomposition (ITU1) for C = C p ), and note that t(g) = xp(d)- 
For all g G Gal(Q p /Q p ) we have u a vt(g)u~l G T(E)U a v(E) and because of the 
commutation formula [Jan03l 11.1.2(5)] and the commutativity of U a v, we also 
have 

« Q v( H p(g)^)uj G J] Upv(E) V^GGal(Q p /Q p ). (11) 

So u a yp{g)u~l G f (£) ri/3v e c paV Upv(E) for all # G Gal(Q p /Q p ) which already 

implies (i) by the discussion preceding Lemma 13.2. II Now if f3 y G C PjQi v nC p , the 
commutation formula |Jan03t 11.1.2(5)] again shows that p(g)pv is not touched 
in the conjugation by elements of U a v, that is, p(g)pv is still the entry of (1TTT) 
in the factor Upv(E). Since p(g)pv 7^ 1 for some g G Gal(Q p /Q p ) (otherwise (3 y 
wouldn't be in C p ), this implies C p ^ nC p C C M -1 by the discussion preceding 
Lemma [3.2. 1L In order to get (ii), it remains to prove that a y G C u -1 . Let 
us choose an isomorphism x a v : G a ^> C/ a v. Then M a v = x a v(a) for some a G -E x 
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and we compute: 

u a vt(g)u~l = t(g)(t(gy l u a vt(g))u~l 

= t(g)(t(g)~ 1 x a v(a)t(g))x a v(-a) 

= t(g)x a v(a v (t(gy 1 )a)x a v(-a) 

= t(g)x a v(a(a v (ttg))- 1 -l)). 

Since a ^ and since there exists g G Gal(Q p /Q p ) such that a v (t(g)) _1 = 
a v (Xpid)) 1 7^ 1 by assumption, we see that the entry in U Q v(E) of u a v p(g)u~y 
in the decomposition ffTO]) is nontrivial for some g G Gal(Q p /Q p ), and hence 

a v r a v 

Proposition 3.2.3. Lei p : Gal(Q p /Q p ) — > B(E) be a continuous homomorphism 
and assume that a v o £ p ^ 1 /or a// a G Then there is bo G B(E) such that 
C bopb -iQC bpb -,for allbeB(E). 

Proof. Since T normalizes the Be, one can restrict to b = u G U(E). Since 
Cupn- 1 ^= Cp for all u G Uq (E), replacing p by a suitable conjugate UqPUq 1 with 
u G Uc p (E) we can assume 

CWi=CV VueUc p (E). (12) 

It is enough to prove that C p C C npu -i for all u G C/ (-E 1 ). By Lemma T3-2.lt we can 
enumerate the roots a^, ■ ■ • , ct\ in R +V \C P so that a^ 7 is not in the smallest closed 
subset containing C p and the aj for 1 < j < i — 1. Since (ITUi) holds for any order, 

we can write any u G t/(-E) as w = u n u n _i ■ ••w 1 u c - p , where G U a y(E) and 
uc p G Uc p (E). Moreover we have C u -i = C p by f|T2|) . Then it follows from 

Cp Cp 

Lemma T3.2.2I (and a straightforward induction) that C upu -i is the smallest closed 
subset containing C p and {a{ : ^ 1}. ^4 fortiori we thus have C p C C upu -i. □ 

Note that if p ordinary is such that a v o £ p ^ 1 for all a G then this 
condition is satisfied by any other conjugate p' of p taking values in B(E) (as is 
easily deduced from the fact that xp' is conjugate to xp m G(E) by the Jordan 
decomposition). 

Definition 3.2.4. Let p : Gal(Q p /Q p ) — > G(E) be a continuous homomorphism. 
Assume that p' is a conjugate of p taking values in B(E) and such that a v o£ p / ^ 1 
for all a G R + . We say that p' is a good conjugate (of p) if C p / C C bp r b -\ for all 
6 G 

By Proposition 13. 2. 3[ good conjugates always exist (under the assumptions of 
Definition EZO}. 



28 



Lemma 3.2.5. Let p : Gal(Q p /Q p ) — > G(E) be a continuous homomorphism 
and let p' be a good conjugate of p as in Definition \3.2.4\ Then any bp'b^ 1 for 



b G Be and any w x p'w for w G Wc , ^ W {see (j2])) is a good conjugate of 
p. Moreover we have C^-i = C p i and C^-i p ^ = W7 _1 (C p /). 

Proof. The statement is obvious for b G B Cp ,(E)- It w & Wc pl} from the dis- 
cussion preceding Lemma [3.2.11 and w~ l U a vw = L^-i( a v), we already see that 
Cw-^p'w = w~ l {C p i) (we don't need here that p' is a good conjugate). From the 
proof of Proposition 13. 2. 3} it is enough to have C^-iy^-i = for all 

u G U w -i(c ,)(E). But uw^p'wu^ 1 = w~ 1 (wuw~ 1 )p'(wu~ 1 w~ 1 )w with wuw^ 1 G 

Uc p ,(E) and since p' is a good conjugate we have C^^-iy^-i^-i) = C p i. We 
deduce 

G u W~ 1 p'wU~ 1 ^ — 1 )p'(wU~ 1 lit~ 1 )) ^ (^p') C'li>~ 1 p , li)y 

which finishes the proof. □ 

Proposition 3.2.6. Lei p : Gal(Q p /Q p ) — > G(E) be a continuous homomorphism 
and let p', p" be good conjugates of p as in Definition \3.2.4\ Then there exist 
b G B c and w G Wc , such that p" = w~ x (b~ x p'b)w. In particular, one has 
C p „=w-\C P ,). 



Proof. By assumption there is x G G(E) such that p"(g) = xp'(g)x 1 for all 
g G Gal(Q p /Qp). By the Bruhat decomposition 6(E) = B(E)WB(E), we can 
write x = tu'w~ l u with t G T(E), w G W and u, v! G U(E). As in the proof 
of Proposition 13.2.31 we use Lemma 13.2.11 to enumerate the roots a^,...,a\ in 
R +V \C P > so that ct( is not in the smallest closed subset containing C p i and the 
aj for 1 < j < i — 1, and we write u = u n u n -\ ■ ■ -U\Uc ,, where Ui G U a y(E) for 

all i and uc pl G Uc ,(E). Replacing p' by uc /P'u^ 1 ^ we can assume ti^, = 1. By 
Lemma [37272] and an obvious induction, C„ „ „,„-i „-i is the smallest closed sub- 
set containing Cy and the a( such that «j 7^ 1. Since w _1 («„ • • ■ U\p'u{ x ■ ■ ■ u~ x )w 
still takes values in B(E), the discussion preceding Lemma [3.2.11 together with 
the w _1 -conjugate of ( 1TUj) show that we must have w -1 (C Un ... Uip , u -i._. u -i) C i? +v , 
i.e. u> G , and u> _1 (o^) G i? +v for all i such that Ui 7^ 1. Setting v i: := w^Uitb, 
we have 

p" = i(«'-u n ■ • -v\)(w~ x p' w)(v^ x ■ ■ ■ v~ x u'~ x )t~ x , 

where u'v n ---V\ G B(E) and where p", w~ x p'w are good conjugates of p (the 
latter by Lemma [3. 2. 51) . This already implies C p " = C^-i p '^ = w~ l {C p i). Writing 
again u'v n ---v x = «-i • • -«X,-i(c>)' where u ; G ^0^) and u ™-i(cV) G 
U w -i(c ,)(E) with j3^,...,Pi G -R +v \w _1 (C p /) as in Lemma 13.2. 1[ we see from 
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Lemma 13.2.21 that we must have u ! i = 1 for all % (otherwise C p » would be strictly 
bigger than C u , ^-i^^i = w- l (C p >)). Setting 

b := wtvf^-i^w' 1 G wB w - HCp ,){E)w~ l = B Cpl ( E ) 
(see the proof of Lemma [2.3.61 for the last equality) gives the statement. □ 



3.3 Construction of U(p) for p generic ordinary 

In this section, we associate to a generic ordinary representation p of Gal(Q p /Q p ) 
a representation Il(p) ord of G(Q P ) which is "modelled" on the representation 
(L®\g c ) ord of We keep the notation and assumptions of and of 

and we denote by 9 a twisting element for G. 

We fix a good conjugate p as in Definition 13.2.41 

p : Gal(Q p /Q p ) — ► B Cp (E) C B(E) C G(£), 

that is, such that the closed subset C p C i? +v is minimal under conjugation 
by B(E). We denote by Xp the character ([2]) on T(Q P ) corresponding to the 
character % ■ Gal(Q p /Q p ) B Cp {E) -» T(£). Note that Xp is unitary since 
Gal(Q p /Q p ) is a compact group and that, from the condition in Definition I3.2.4[ 
we have Xp ° « v 7^ 1 for all a G R + . Recall that e is the p-adic cyclotomic 
character that we view as a continuous character e : Q p — > Og c — >■ -£/ x via class 
field theory. 

Definition 3.3.1. We say that p is generic if a v o £ p ^ {1, e, e' 1 } for all a G i? + 
(or equivalently all a E R). 



This is equivalent to xp ° ftV ^ *} f° r ai l a R + - m f &c t, one could 

slightly weaken this genericity condition (see e.g. Remark 13.3.41 below). 



Lemma 3.3.2. Let p' be another good conjugate of p as in Definition \3.2.4\ Then 
p is generic if and only if p' is generic. 

Proof. By Proposition [32J2 replacing p by a conjugate in Bc p (E) (which doesn't 
change Xp nor G p ), there is w G Wc p such that p' = w~ l pw. Since xp' — 
w^XpW = w~ 1 {xp)i we have a y o x p , = w(a) y o x P for a G R from which the 
statement is obvious. □ 



We now assume that our good conjugate p is generic. 
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We let (A a ) Qg s be fundamental weights for G and define (L®\g c ) ord as in §2.31 
We also define the following subset of W: 

W p := {w G W : w(J2 \) is a wei S ht of ( L ® Is^)^}- ( 13 ) 

Of course Wc p ^ W p and we can describe W p as in Lemma 12.3.91 

Proposition 3.3.3. Let wc p G Wc p , I ^ w c p (S y ) H C p a subset of pairwise 
orthogonal roots and set J := w^}(I) y C S. There exists a unique admissible 

unitary continuous representation H(p)i of Gj(Q p ) over E with socle filtration 
Fi\jU(p)j such that 

= FiUn(p)j C Filofi(p)/ C • • • C Fil^Uip)! C FiliJifi^)! = fi(p)j, 
where for j G {0, . . . , | J|} 

Filj-n^j/Fil^xfi^j = 

© (bid^U(W (( II *«>c P )~\x P ) ■ (e-'o6)) C ° (14) 

7'C/ a£l' v 

[J'l=i 

and where we view any character of T(Q p ) as a character of B~(Q P ) R Gj(Q p ) 
by inflation B~(Q p ) n Gj(Q p ) -» T(Q P ). 

Proof. For J' C J, we set 

Hj' := (lnd^ )nGjWp) (( II s >c P )~\x P ) ■ (e" 1 o £)) C °. 

aGw)c p (^') 

Step 1: We prove several statements on Hj/. 

The set J being a subset of S of pairwise orthogonal roots, by Lemma 13.1.41 
we can fix an isomorphism Tj x GL;[ — Gj. Under this isomorphism we have 
x (ri/jeJ^ 1 / 3 ) ~ w here Tp is a split maximal torus in the copy of GL 2 
corresponding to the f3 entry. Letting x' p ,j ■= w cI(Xp)\t'j(q p ) and x P ,J',p '■ = 

((Uaew Cp (J') s «) w c P ) ~ (Xp)\Tp(Q p ) for J' C J and f3 G J, we can rewrite Tlj, 
as 

Hj' = X'p.r^o e\r Mv) )® E (lnd^ y ®^j( Xp ,J',p ■ (e-'o 6)\ TM ) 

= X P , j ■ (e- 1 o e\r AQp) ) ®e (®* e j (lnd^ ) Xp,j'^-(£- 1 oe)|T,(Q p )) C "),(15) 
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where (g> is the completed tensor product in the category of p-adic Banach spaces. 
We have 

Xp,J',P=({ II S v 3 cl{a)) W cl)(Xp)\Te(® p ) = 
a£w Cp {J') 

f w dl(x P )\T (Q P ) if Pi J' (m) 
I {^w c 1 p ){x p )\t ^ p ) if e J' { f 

and also 

(x P ,J>,p ■ (e- 1 o 9) | r „ (Qp) ) o ^ = ( Xp>J ,^ o . (( e -i o 9) o /3 V ) = ( Xp ow(m ■ e~\ 

where w := ( n^e^c fjn s a)wc p G W p and where we use (6 1 , /3 V ) = 1 (as f3 G J C 
5). Since p is generic it follows from Definition 13.3. II that this is never the trivial 
character (of Q* ) and from Proposition IB. 11 we get that the representation (|15|) 
is always topologically irreducible. If J[, J 2 are two distinct subsets in J, we have 

((n*e WOp (ji) s a )w Cp )~Xxp) ^ {{Y[ a&WCp ^)S a )w Cp Y\x P )- Indeed, assume, say, 
there exists (3 such that (3 J{, (3 G J' 2 . By (TT6l) we have Xp,J[,p — w Cp(xp)\Tp(Q p ) 
and Xp,J' 2 ,p = s /3( w cI(Xp)\t i3 (q p )) and, since Tp is a split maximal torus in GL 2 , 
it suffices to have w^}{xp) o /3 V ^ 1 or equivalently x P ° w c p ((3) v 1- But this 
follows from Definition 13.3.11 By Theorem I3.1.1( iii). we get II ^ II j< . All the 
Uji have scalar endomorphisms and are residually of finite length, as follows from 
(|T5|) and Proposition lB.il 

Step 2: We prove the existence of a representation as in the statement. 

If G J and Xfi '■ Tp(Q p ) — > C E x is a unitary continuous character, define 

Ufa) := (ind^ X , • (e" 1 ° 0)1^))"°. 

Consider the following admissible unitary continuous representation of Tj(Q p ) x 
GL 2 (Q P ) J : 

n (p)/ : = • ° @\t'j{q p )) ®e (®f}£j£p), 

where the GL 2 (Q p )-representation Sp is the unique non-split extension of 
np( s p( w ci.Xp)\Tf,(Q p ))) by n /3 (w^ 1 (x P )|r (9 (Q p )), see Proposition El From Propo- 
sition [Bj] its constituents are 

X' p ,j ■ (e _1 ° 8\t^q p )) ®£ (®/3ejn /3 (x/3)) 

for X/3 e {^(x^It^cq,,), 3^(^31^)1^(0,,))} and we see from ([T5]) and (USD 
that they are exactly the II j/. Now let /3 G J and choose G 
{ w c p 1 (Xp)|t (9 ,(q p ),s /3 '(w ( ; p 1 (xp)|t (9 ,(q p ))} for all f3' G J\{/3}. The GL 2 (Q P ) ^repre- 
sentation 

£p®E(®p>eJ\{p}H-p>(xp')) 
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(a subquotient of H(p)i) is still a non-split extension between its 2 irreducible 
constituents by Lemma TA.6I applied inductively to V\ := £p®E{®p'eJ'^-p'{Xp')) 
and n 2 := ILp»(xp") for J ' £ Ail 3 } and f3" E J\({/3} II J') (all the assumptions 
are satisfied by Proposition IB. II and by Step 1). It is then easy to check that the 
socle filtration of H{p)i is exactly as in the statement. More generally, the same 
argument shows that, for any J\ C J 2 C J, the representation 

Xp,j ■ ° 01^(0,)) ©£ (®/3eJ\J2 n /3(^c p 1 (Xp)|T (9 (Q p )))®B 

(®/3GJ i n /3 (s /3 («;^ 1 (Xp)|T (9 (Q p ))))®s(®/3eJ 2 \J 1 ^) (17) 

has socle filtration with graded pieces ©j 1 cj'cj 2 nj'- 

IJ'N 

Step 3: We finally prove unicity. 

Let Ji C J 2 C J, we prove the following statement by induction on | J 2 \Ji|: there 
is (up to isomorphism) at most one representation of Gj(Q p ) such that the graded 
pieces of its socle filtration are ©j 1 cj'cj 2 IIj'- Denote by II such a representation. 

\~J'\=3 

Note first that by Lemma IA.6I (applied inductively with G 2 = GL 2 together 
with Proposition lB.il Proposition IB.21 and Lemma IA.4I) . a constituent II j/ has a 
(unique) non-split extension with another (distinct) constituent Uj» if and only 
if either J" C J' and \ J'\J"\ = 1 or J' C J" and |J"\J'| = L If J " = J ' 11 (A)}, 
this implies (together with the fact that all constituents are distinct by Step 1) 
that II has a unique subquotient with constituents II j/ and II jn. Let us prove by 
induction on | J'\Ji| that this subquotient is necessarily a non-split extension of 
Uj" by LTj/. If | J'\Ji\ = 0, this is obviously the case, otherwise Uj» would be in 
a lower socle layer of II. If this is wrong, then the only other possibility (in view 
of the socle filtration of II) is II ji © II j». Let (3\ G J' be such that the unique 
non-split extension of lijn by Hji'^^y occurs as a subquotient of II (f3\ necessarily 
exists because otherwise II jn would be in the socle of II). By induction (applied to 
J'\{(3i}), II has a (unique) subquotient which is the unique non-split extension of 
IIj"\{/9i} by IIj'UM (namely the representation (JTTj) replacing J\ by J'\{/?i} and 
J 2 by J"\{(3i}). Hence II has a unique subquotient II' with socle Uj/^^y, cosocle 
Uj", and unique intermediate constituent Ujr/^^y. (Here we used that there is no 
extension between Uj>r and Uj'.) But it follows from Lemma [A.6( i) by induction 
that such a representation n' doesn't exist. We now prove the statement. When 
l-^Wil — 0, the result is trivial and when | J 2 \Ji| = 1 it follows from Proposition 
IB.2f i). Assume it is true when | J 2 \Ji| = n and let us prove it for | J 2 \Ji| = n+l > 
2. Let n(p)j li j 2 be such a representation and fix J' 2 such that J\ C J' 2 C J 2 and 
J 2 \ J 2 = {(3 }. By what we have seen above, there is a (unique) subrepresentation 
of n(p)j 1 j 2 with constituents all the lijn for J x C J" C J' 2 and a (unique) quotient 
of n(p)j li j 2 with constituents the liji for J[ C J' C J 2 where J{ := J\ H {/3o}- 
Since the socle filtration induces the socle filtration on subrepresentations, we 
already have by induction that this subrepresentation is necessarily Tl{p)j 1 ^ . To 
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prove (by induction) that this quotient is U.(p)j[,j 2 , we need to check that the 
graded pieces of its socle filtration are ®j'qj'qj 2 Hji- But this easily follows from 

the fact that any subquotient (of this quotient) with two constituents II j/, IT j«, 
where J' C J" and \J"\J'\ = 1, is a non-split extension between them (see above). 
Now set III ■= n /3o( w Cp(Xp)l^ (Q P )), n; := H^( s ^( w c 1 p (x p )\t 0o (q p ))) and 

n 2 := X P ,j ■ 0" 1 ° ^|r;(Qp)) ®£ (®^eJ\J2 n /j(WCp(Xp)l^(Q p )))®s 

(^^^^(^(xp)!^^))))®^^^^^). 

By (HU) we must have 5(^)^,4 = IIi®^ and n(p)j> iJ2 = ni§ B n 2 . Moreover, 
since | J2W2I = 1; any ^ between J\ and J2 is necessarily either between J\ and J' 2 
or between J{ and J 2 - This implies that II (p)^^ is an extension of n(p)j/ j 2 by 
H(p)ji J'- This extension is non-split otherwise it wouldn't have the right socle. 
But Lemma IA.6I tells us that such a non-split extension is necessarily unique. 
(Note that in order to deal with the assumption dim# Extg (II2, n 2 ) < +00 in 
(ii) of this lemma, we actually need to apply Lemma IA.6I inductively replacing 
n 2 first by x'pj ■ i^ 1 &\t'j{Q p )), then n 1; Ii; by II a ® x' P ,j ■ 0~ a Q\t^(q p )), 
n 'i ® X' p ,j ■ ^It'JQ,,)) and n 2 by II^(iw^(Xp)) for some P> e A J 2 etc., we 
leave the easy details to the reader.) This proves the unicity of U(p)j u j 2 , and in 
particular of H(p)i = H(p) ,j- □ 

Remark 3.3.4. (i) It follows from the proof of Proposition 13.3.31 that one could 
replace the condition in Definition 13.3.11 by the two conditions: xp aV 7^ 1 f° r 
a G R + and xp a ^ 7^ e f° r a £ w{S) and to G (one can check that Lemma 
13.3.21 still holds with this weaker condition of genericity). 

(ii) From the proof of Proposition 13.3.31 (in particular Step 3), one also gets 
that the representation IT(p)/ is rigid, that is, its cosocle filtration equals its 
socle filtration (up to numbering). In fact, the proof shows that the submodule 
structure of H(p)i is given by a "hypercube". 

If V C I and J' := w^}{I') y , then (B~ PI Gj)Gji is a parabolic subgroup of 
Gj with Levi Gj> and we easily get from f[T7|) (with the same notation as in the 
previous proof), 

n(p) ,j' = (^^B-^nGAQ^Gj^Q^iP)^ > ( 18 ) 

where we consider H(p)r by inflation as an (admissible) unitary continuous rep- 
resentation of (B~(Q p ) fl Gj(Qp))Gji(Q p ) and where the parabolic induction is 
analogous to that in (|HJ) (see [Ern e 10 a} §4.1] for details). For I, J as in Propo- 
sition [372131 B~Gj C G is the standard parabolic subgroup of G containing B~ 
with Levi subgroup Gj. We set 

Uip^ := (indf^^Uip^f , 
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where n(p)j is seen as a (unitary continuous) representation of B~ (Q p )Gj(Q p ) 
by inflation. The representation H{p)i of G(Q P ) is admissible unitary continuous 
of finite length (by Proposition 13.3.31 and Theorem 13. 1.11) . Moreover by [EmelOa| 
Thm. 4.4.6] and |EmelOal Cor. 4.3.5] we have for V C J, 

Hom G(Qp) (n(p) / ,,n( P ) / ) = 

Hom Gj(Qp) ((lnd^^ )nGj(Qp))Gj/(Qi)) n(p) / ;) C ,fi(p)/) 
and we deduce from (fl8j) and the proof of Proposition 13.3.31 

Hom G(Qp) (n(p) / ,,n( P ) J ) = Hom Gj(Qp) (n(p) 0iJ ,, n(p)j) = £. 

We can then proceed as in (J4J) fixing a compatible system of injections H(p)i> 
n(p)/ for V Q I (the choice of which won't matter) and define in the abelian 
category of admissible unitary continuous representations of G(Q P ) over E the 
inductive limit 

u (p)c P ,w Cp ■= limn(p)/, 

where I runs among the subsets of wc (5' v ) D C p of pairwise orthogonal roots. 
Finally we set 

II(p) ord := ® WCp ew Cp Tl(p)c P , WCp . 
This is an admissible unitary continuous representation of G(Q P ) of finite length 
(see §3.51 for more on its constituents). 



Lemma 3.3.5. Let p' be another good conjugate of p as in Definition 3.2.4 - Then 
n(p) ord = n(p') ord . 

Proof. By Proposition ^. 2. 6j replacing p by a conjugate in B Cp (E) (which doesn't 
change Xp nor C p and hence doesn't change n(p) ord ), there is w G Wc p such 
that p' = w~ l pw. We have xp' — w ~ X {xp) ( see the proof of Lemma 13.3.21) 
and it is easy to check we also have C p > = uT^Cp) and Wc pl = vj~ x Wc p - Let 
Wc , G Wc n I' Q w c p ,(S V ) ^ Cp' a subset of pairwise orthogonal roots and 
set wc p '■= wwc pl G Wc p and I := C wc p (S v ) D C p (also a subset of 

pairwise orthogonal roots). Then one has IT(p)// = Yl(p) w ^. Indeed, they are 
representations of the same Gj(Q p ) and by Proposition 13.3.31 it suffices to check 
they have the same constituents in the socle filtration, which is immediate as, for 
any I" C I', 

(( n s *) w c P >) m = (( n WM)) w c i p/ )(x P ') 

ae/" v p 

( n s w - c i^ a ))>ci w Y^\xp)) 

a£l" v 

( n s *) w c P ) (x P )- 

a£w(I") v 



a£7" v a£l" 
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We deduce U{p') r = U(p) w{r) , U(p') Cpl ,w c , = n (p)c P ,™ Cp and finally II(p) ord = 
n(p') ord - □ 

Therefore IT(p) ord doesn't depend on the choice of a good conjugate in the 
sense of Definition 13.2.41 Using Proposition 13.3.31 and arguing as in the proof of 
Proposition l4.2.11 below. one can check more generally that IT(p) ord only depends 
on the conjugacy class of p in G(E) and not on the choice of the Borel B (we 
leave the details to the reader). 

Remark 3.3.6. If G = G l x G 2 , p = p x © p 2 with Pi : Gal(Q p /Q p ) — > G^E) 
generic ordinary (i = 1,2) and w Cp = (%,%) G W Cp = W Cpi x W Cf>2 Q 
W = W\ x W2, one easily checks that U(p)c p ,w Cp = ^-{Pi)c P1 ,w Cp ® C P2 ,u>c P2 

and that one has n(p) ord = n(pi) ord ®£;IT(p2) ord (where we index by i everything 
related to Gi), see Remark I2.3.5l (ii) and Remark I2.4.2l (ii). 



3.4 Variant mod p 

We construct the representation n(p) ord of G(Q P ) over k E associated to a suffi- 
ciently generic ordinary representation p of Gal(Q p /Q p ) over k E - 

We first modify the setting of §3.11 so as to deal with characteristic p. In this 
section, G/Z p is a connected split reductive algebraic group over Z p , T C G a 
split maximal torus over Z p and we let as usual (X(T), R, X V (T), i? v ) be the root 
datum of G. We fix a choice S C R of simple roots, we let R + C R be the positive 
roots, B C G (resp. B~ C G) the Borel subgroup over Z p corresponding to R + 
(resp. — i? + ) and (G,B,T) the dual triple of (G,B,T) over C^. We moreover 
assume that both G and G have a connected centre and denote by 6 a twisting 
element for G. We also assume that p is large enough so that the following lemma 
holds (so this is no restriction if G = GL n ). 

Lemma 3.4.1. Suppose that p > 3 or that p is a good prime for G (Definition 
\2.5.1\i . Let B' C B be a Zariski closed algebraic subgroup containing T. Then 
there exists a closed subset C C R + such that B' = Be- 

Proof. The proof of Lemma f2 . 3 . 1 1 still holds by [BT65, §2.5] (even under a slightly 
weaker condition on p). □ 

Let p : Gal(Q p /Q p ) — > G(k E ) be a continuous homomorphism. When p 
takes values in B(kE) ^ G{kE) we say p is ordinary. For any ordinary p, we 
let C-p C R +y be the closed subset of roots such that B C - is the smallest closed 
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subgroup of B containing T such that p takes values in {C-p exists thanks 

to Lemma l3.4.ip . For p ordinary, we define Xj '■ Gal(Q p /Q p ) — ^ B(k,E) -» T{k,E)- 

If a y ox-p 7^ 1 for all a G the same proof as in §3.2l shows that, conjugating 
p by an element in B(k,E) if necessary, it is always possible to assume that C-p 
is minimal under conjugation by elements in B{k,E) (indeed, the fact that E 
has characteristic is never used in §3.2p . As in Definition I3.2.4[ we call "good 
conjugates" ordinary p such that C-p is minimal, and as in Proposition 13.2.6^ we 
can show that any two good conjugates p and p' are related by p' = w~ l {b~ x ~pb)w 
for some b G Bc T {kE) and some w G Wcp- 

Definition 3.4.2. An ordinary p is generic if a y ox-p ^ {1, oo, oo~ 1 } for all a G R + 
(or equivalently all a G R). 

This is equivalent to xp oaV 4- {!> u i f° r a ^ a e -^ + ; where Xj corresponds 
to Xp as in (jUJ). 

From now on we fix a good conjugate p : Gal(Q p /Q p ) — )■ Bc 7 {kE) C B{k,E) Q 
G(k,E) that is generic. Then Proposition 13.3.31 still holds replacing p by p and 
E by kE and allows to define a finite length admissible smooth representation 
n(p) 7 of Gj(Q p) over kE (for / C wc-p(S y ) fl Cp a subset of pairwise orthogonal 
roots and J = Wq^(I) v , where G Wo-) with socle filtration as in Proposition 
13.3.31 Indeed, the proof of this proposition is essentially based on the results of 
Appendix A and Appendix B, but all these results hold replacing E by k,E and 
"unitary continuous" by "smooth" (and are easier to prove over fc^ than over E\). 
We then proceed exactly as in §3.31 and define II(p)j := Ind^L^ )g 7 (q ) n(p)j 
and Il(p) c -_ M , C _ := limll(p)/, where I runs among the subsets of wq w (S v ) fl C-p of 

pairwise orthogonal roots. But now, arguing as in the proof of Theorem 13. l.l( ii) 
and using [EmelOal Cor. 4.3.5] (and the genericity of p), we know that the socle 
filtration Filj II (p)op,™ C - of n(p) c -_ u , c _ is such that for j G Z> , 

Fii.n^o^^/Fii^xn^o^^ = 

(( n s *hc,y\xp) ■ (c- 1 o e) 

iCwc 7 (S v )nCp aei v 
U\=j 

(I being a subset of pairwise orthogonal roots). Finally, we set 

n(p) ord := ® wc _ew c ^(p)c 7 , wc _ 

and check as in Lemma 13 . 3 . 51 1 hat II(p) ord doesn't depend on which good conjugate 
we choose. Also, the genericity of p implies that all the irreducible constituents 
of Il(p) ord are distinct. 
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We now give the link between n(p) ord and certain Serre weights of p. Let 
X X {T) := {A G X{T) : < (A,a v ) < p - 1 Va G S}. Since G dcr is simply 
connected, Serre weights for G(¥ p ) are exactly given by the fc^- representations 

where A G Xi(T) and F(X) is the unique (absolutely) irreducible representation of 
the algebraic group Gx Zp kE of highest weight A. We have F(X)\ G (f p ) — F(p)\ G (¥ p ) 
if and only if A - fj, G (p - 1)X°(T) (for all this see e.g. |Her09l §3.1]). In the 
sequel, we often write F(X) instead of F(X)\g(w p ) f° r a Serre weight. 

Definition 3.4.3. The set of ordinary Serre weights of p is the set of irreducible 
constituents of soc G ^ p ) {n(j>) old \ G (z p )) (up to isomorphism). 

Equivalently, it is the union for w G - G W G - (forgetting possible multiplicities) 
of the irreducible constituents of soc G ( Zp )(n(p) c <_ u , c _| G ( Zp )). 

We now make more explicit the ordinary Serre weights of p in a special but 
important case. 

Definition 3.4.4. We say that p is inertially generic if (a v o £p)| Gal( -Q /^m-) ^ 
{1, u, a; -1 } for all a G R + (or equivalently all a G R). 



Again, this is equivalent to (xp ° « v )|^ x ^ {^^ u; , ijJ ~ 1 } f° r & U a R + - Of 
course, p inertially generic implies p generic. Note that the existence of inertially 
generic p implies that p is large enough so that Lemma 13.4.11 holds: if G is not a 
torus then one has p > 3 (otherwise all powers of u> belong to {1, u, w" 1 })- When 
G = GL n , one can check that there are inertially generic p if and only if p > 2n. 

Since any continuous character — > k^ is an (integral) power of the re- 
duction mod p on Zp, one easily checks that, for any continuous character 
X '■ T(Q P ) —> kg such that (x ° « v )|^ 1 f° r & U en £ S, there exists A x G Xi(T) 
uniquely determined modulo (p — l)X°(T) such that X x \t(z p ) = x\t(z p )- One then 
has (A x , a v ) G {1, ... ,p — 2} for all a G S. If moreover (x ° ftV )lz* ^ {1; w > 
for all a G 5, one has (A x , a v ) G {2, ... ,p — 3}. 

Proposition 3.4.5. Assume p is ordinary and inertially generic. Then X w -i^ x _^ — 
9 G X\{T) for all w Gp G W Gp and the set of ordinary Serre weights ofp is 

{F(X 1( } - 9) : wo, e Wo,} (19) 
= {F(X X — — 9) : pT is an ordinary conjugate of])}. (20) 

Moreover, the Serre weights in (TT9]) are distinct. 
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Proof. We first claim that for all w G W, we have A w -i( x _) — 9 G Xi(T). Note 
that oa v )| z x = (Xp°w(a) v )| z x ^ {1, w -1 } for a G S", as p is inertially 

generic. Hence (A m -i (x _) -6»,a v ) = (A^-i^), a v ) - 1 G {1, . . . ,p - 4} (a G 5), 
which proves the claim. 

Next we show that the Serre weights F(X w -i( x ^ — 6) for w G W are distinct. 
If F(X w -i (x _^ — 6) = F(X w -i (j( _^ — 6) for distinct elements wi, u>2 of W, then 
Wi A x _ = w 2 _1 A x _ (mod (p — l)X(T)) since these weights induce the same char- 
acter T(Z p ) — )■ fc^. This implies that A x _— WiW^ 1 A x _ is an element of (p—l)X(T), 
but it is also clearly contained in 7*R. As the centre of G is connected, it follows 
that it is even an element of (p— l)Zi?. In other words, A x _ is fixed by a non-trivial 
element of the affine Weyl group (p - l)Zi2 x W. By |Bou811 Prop. V.3.3.1], Ax- 
is fixed by an affine reflection, i.e. (A x _, a v ) G (p — 1)Z or equivalently Xp oaV = 1- 
But this contradicts the inertial genericity of p. 

We now prove that F(X w -i^ x _^ — 6) is the G(Z p )-socle of Ii(j>)c-^ Wc _. First, it 

follows from |Herll| (2.13)] that F(X X ) is the G(Z p )-socle of Ind^L^^ x f° r an Y 
X : r(Q p ) — > kg such that (x OQ;V )lz* 7^ 1 Va G S. In particular F(A„,-i( x _) — 6) = 
socg(z p ) (lnd^^^w _1 (xp) • o 6) for any w G W. Since the Serre weights 
F(A w -i( x _) — 0) are all distinct, an obvious devissage on the constituents of 
n(p) c _ wc _ shows that dim fcfi Hom G(Zp) (F(A t „-i (x _ ) - 6), U(p)o-, wc _) G {0, 1} and 
from Corollary 14 . 3 . 5 1 below we deduce that restriction to the G(Z p )-socle induces 
an isomorphism for all w G W, 

Hom GWp) (iad^^uT 1 ^) ■ uT 1 o 9, n(p) c _ Wc }j ^ 

Hom G(Zp) (F(A ro -i (x _) - 0),n(p) c _ wo _). 

But from the socle filtration of n(p) G _ U)c ,_, we know that the left hand is nonzero 
(of dimension 1) if and only if w = Wc— 

Finally, to see the equality of ([19]) and (120|) . note that if p = pi are both 
ordinary, then by the Bruhat decomposition there is a w G W such that w~ 1 p~w 
is ordinary (which implies w G Wc-) and w _1 (Xp) = Xw ^ 

Example 3.4.6. Assume G is GL n , T is the torus of diagonal matrices and B 
the upper triangular matrices, then we can identify X(T) (resp. X\(T)) with 
n-tuples A := (Ai, . . . , A n ) G Z n (resp. n-tuples A := (Ai, . . . , A n ) G Z n such that 
< Aj — A i+ i < p — 1). Choose 6* := (n — l,n — 2, . . . , 0) G A(T) as a twisting 
element. Then the set of ordinary Serre weights of p (inertially generic ordinary) 
in the sense of Definition 13.4.31 coincides with the set of F(X) for A G X\(T) such 
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that p has a conjugate p 1 : Gal(Q p /Q p ) —> B{k E ) = B{k E ) with 



Ai + (n-l) 



PllGa 





V o 



* 



A 2 + (n-2) 



* \ 



u Xn ) 



(21) 



Alternatively, -F(A) for A G Ai(T) is an ordinary Serre weight of p if and 
only if a conjugate of p admits an upper-triangular crystalline lift p such that 



Xplcai(Q p /Q^) — diag(e 



Ai + (n-l) 



,e A ") (use [GG121 Lem. 3.1.5]). 



Remark 3.4.7. For p ordinary, semi-simple and sufficiently generic, the set of 
ordinary Serre weights of p is also the set of Serre weights F(X) of |Her09| Prop. 



6.28] for which p| Gal( g, 



Gal(Q p /Q£') 



r(l, A + 9) in the notation of loc. cit. (note that G 



is assumed here to be GL n but the statement can easily be extended to G as in 
the present paper). 



3.5 Some questions 



We state some questions on the representations n(p) ord , n(p) ord , (IP\§ ) ord and 




Start first with p : Gal(Q p /Q p ) — ► B Cp (E) C B(E) C G(E) such that 
the closed subset C p C i? +v is minimal under conjugation by (i.e. p is 

a good conjugate) and such that p is generic, and let Il(p) ord be as in §3.31 
Conjecture 13. 1.2l and the genericity of p imply that, for wc p G the irreducible 
constituents of U(p)c p ,w Cp should be exactly the principal series 

( Ind ?% (( II **)wc,y l (Xp) ■ (e-'oO))" (22) 
ae/ v 

for I running among the subsets of wc p (S y ) fl C p of pairwise orthogonal roots. 
Note that this is indeed true if (x p o a v ) • e^ 1 is never the trivial character of Q p 
in k E for all w £ W p and all a e w(5') (see (ITB1 and Theorem I3.1.1( ii)). More 
precisely, one can conjecture the following (compare with Lemma [2. 3. 9ft : 

Conjecture 3.5.1. There exists a unique admissible unitary continuous repre- 
sentation U(p)c p , WCp °f G(Q P ) over E with socle filtration = Fil_iII(p)c p)tl)c C 
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Fi\ Yl( y p) Cp!WCp C • • • such that for j G Z> 0; 
Fil i n(p) Cp , WCp /Fil J _ 1 n(p) Cp , WCp = 

© ( ind 2% (( n ^)^ p )"(xp) • o ^)) c ° 

icw Cp (s v )nc p ae/ v 

/or / running among the subsets of wc p (S v ) R C p of pairwise orthogonal roots. 

One can also ask the stronger question if there exists a unique admissible 
unitary continuous representation of G(Q P ) over E with socle (Ind^l^ , w cl(Xp) ' 

(e -1 o #)) c ° and (multiplicity free) constituents given by (122]) (that is, we only 
fix the socle and the constituents instead of the whole socle filtration). All this 
naturally leads to the following questions (where there is no Galois representation 
anymore): for w G W and \ '■ T(Q P ) — > C E x unitary continuous such that 
pa v ^ {l,e, e^ 1 } for every a G R + , do we have (in the abelian category of 
admissible unitary continuous representations of G(Q P ) over E) 

Ext^ (Qp) (( hd£% «,(*) • (e- 1 o 9)f, ( Ind^% X • (e- 1 o £)) C °) ^ 

if and only if w = s a for a6S? If w = s a (a G S), we know using parabolic induc- 
tion from GIj2(Qp) as in §3.31 that the above Ext 1 is nonzero: is it 1-dimensional? 

Remark 3.5.2. Emerton informed us that, at least under the above hypothesis 
on x, he always expects a nonzero element in Extg p) ((lnd^%™ ( X ) • {e~ l ° 

6>)) C , ( Ind^^Q ^ X" °^)) C j ) where £(u>) is the length of w in the Weyl group 
W QJan03l §11.1.5]). Note that i(w) = 1 when w = s a with a65. 

The underlying hope behind this paper is that there should exist a direct 
"functorial" link between the G(Q p )-representation Il(p) ord of §3.31 and the 
Gal(Q p /Qp)-representation 

(L% c r d o P , 

where (L®\g c ) ord is the algebraic Bq p -representation of §2.31 More precisely, 

one can ask whether, for any choice of fundamental weights (\ a ) a es £ X(T)^ 
and (X a )a&s G X(T)I 5 I as in §2.1} there exists a covariant additive functor F, 
generalizing that of |CollO] in the case of G — GL 2 (and which may be the 
functor defined in [SVllj ). from the abelian category of finite length admissible 
unitary continuous representations of G(Q P ) over E to the abelian category of 
finite-dimensional continuous representations of Gal(Q p /Q p ) over E satisfying (at 
least) the following properties: 
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(i) for any unitary continuous x '■ T(Q P ) — > O f C E x one has 

F((i<^ )X ..( £ -'oe)f) = ( yjAjoe 

where x is t ne character of Gal(Q p /Q p ) corresponding to x i n §3.11 and 

(ii) F is exact when restricted to the full subcategory of representations such 
that all their irreducible constituents are subquotients of unitary continuous 
principal series of G(Q P ) over E; 

(in) F(n( P r d ) = (L®\ §c r d o P . 

Finally, assume that p is a good prime for G and consider p : Gal(Q p /Q p ) — > 
Bcp(kE) C B(kp) C G(kp) such that the closed subset Cp C i? +v is minimal 
under conjugation by B(kp) and such that p is generic. One can ask all the 
previous questions in the setting of §3.41 replacing n(p) ord (resp. U(p)c p , wc ) by 

n(pT d (resp. IL(p) C7hWo _) and {I? \ ^ ) ord by (I® | gc J° rd . 

4 Local-global compatibility results and conjec- 
tures 

We conjecture that the representations n(p) ord or n(p) ord of G(Q P ) defined in 
§3.31 and §3.41 occur (under suitable conditions) in spaces of automorphic forms 
for unitary groups that are compact at infinity and split at places above p. Over 
kg we prove a weak form of this conjecture. 

4.1 The global setting 

We define the relevant spaces of automorphic forms and state some of their prop- 
erties. 

We let F + be a finite totally real extension of Q with ring of integers Op+ 
and F a totally imaginary quadratic extension of F with ring of integers Op. We 
denote by c the non-trivial element of Gd\{F/F + ). If v (resp. w) is a finite place 
of F + (resp. F), we let F+ (resp. F w ) be the completion of F + (resp. F) at v 
(resp. w) and O f + (resp. Op w ) the ring of integers of F+ (resp. F w ). If v splits in 

F and w, w c are the two places of F above v, we have O f + = Op w ~ Op wC , where 



42 



the last isomorphism is induced by c. We let Op+ tP '■= Op+ ®i 1> p = Yl v \ p O F + 
and (resp. A^f) denote the finite adeles of F + (resp. the finite adeles of F + 
outside p). Finally we assume that all places of F + above p split in F and, for 
each v\p in F + , we choose one place v G {w,w c } of F above v (this choice won't 
be important). 

We let n G Z >1; N a positive integer prime to p and G a connected reductive 
algebraic group over Op+[l/N] satisfying the following conditions: 

(i) there is an isomorphism i : G Xo F+ [i/N] Of[\/N] —> G\j n / OF yi/ N y, 

(ii) G Xo + [i/N] F + is an outer form of GL n / F +; 

(iii) G Xo f+ [i/n] F + is quasi-split at all finite places of F + ; 

(iv) G Xo F+ [i/N] F + is isomorphic to U n (R) at all infinite places of F + . 

It is easy to see that such groups exist (cf. e.g. |EGHlll §7.1.1]). Condition 
(i) implies that if v is any finite place of F + that splits in F and if w\v in F the 
isomorphism i induces i w : G(F+) 4 GL n (F^) which restricts to an isomorphism 
still denoted by i w : G{O f +) 4 Gh n {Op w ) if v doesn't divide N. Condition (ii) 
implies that co t w : G(F+) -4 GL n (F w c) (resp. c o l w : G(O f +) 4 GL n (0 FwC ) if 
v doesn't divide N) is conjugate in GL n (F w c) (resp. in GL n (Cp ii)C )) to 
where r is the transpose in GL n (F w c) (resp. in GL n (Op wC )). Conditions (iii) and 
(iv) force n[F + : Q] to be divisible by 4 when n is even. 

If U is any compact open subgroup of G(A^f) x G(Op+ tP ) and M any Op- 
module endowed with an C^-linear action of G(Of+, p ), we let S(U,M) be the 
Cg-module of functions 

/ : G(F + )\G(A™ + ) — ► M 

such that /(gtt) = u~ 1 {f{g)) ) where g G G(A F 3 + ) and w p G G(Of+ )P ) is the 
projection of u G U C G(A^f) x G(C?f+ p ). If M is a finite type C s -module, 
then so is £(£/, M). We also define 

S(U P ,M) := limS(f/ p [/ p ,M), 

Up 

where U p is a (fixed) compact open subgroup of G(A^f) and where U p runs 
among compact open subgroups of G(Op+ iP ). We can identify S(U P ,M) with 
functions / : G(F + )\G(A F 3 + ) /U p — > M for which there exists a compact open 
subgroup L/p of G(CV+ P ) such that f(gu) = u~ 1 (f(g)) for (7 G G(A F 2 ' + ) and w G £/ p . 
We endow S(f/ P , M) with a linear left action of G(F+® Q Q P ) by := f(gh) 

{heG{F+® Q Q p ),geG{A™ + )). 
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If U is any compact open subgroup of G(A™f) x G(Op+, P ), following [EGH11, 
§7.1.2] we say that U is unramified at a finite place v of F + which splits in F 
and doesn't divide N if we have U = U v x G(O f +), where U v is a compact open 
subgroup of G(A™+). Note that a compact open subgroup of G(A^f) x G{O e +, p ) 
is unramified at all but a finite number of finite places of F + . If U is a compact 
open subgroup of G(A^f) x G(0 F + tP ) and E a finite set of finite places of F + 
containing the set of places of F + that split in F and divide pN and the set 
of places of F + that split in F at which U is not unramified, we denote by 
T s := Oe[Tw ] the commutative polynomial (9^-algebra generated by formal 
variables Tw for j G {1, . . . , n) and w a place of F lying above a finite place of 
F + that splits in F and doesn't belong to E. The algebra T s acts on S(U, M) by 
making Tw act by the double coset 

where w w is a uniformizer in Ew . Explicitly, if we write 

GL n (O.J „ wl] )GL n (0 Fw ) = H gi ( ln - j ^ wlj )GL n (0 F J, 

i 

we have for / G 5(C/, M) and # G G(Af+), 

(^V)(<7) :=X)^(^ 1 (*( 1 " _i ™.i 

One checks that T$ = (T^)' 1 ^'^ on S(U, M). If S is any T s -module and I 
any ideal of T s , we set S[I] :— {x & S : Ix — 0}. 

For a compact open subgroup U p of G(A^f), we now focus on the spaces 

S(IP,O e ), S(U p ,O e /zu e ), S(U*,k E ). 

In particular, S{U P , O e ) is a free C B -module and S{U P , O e ) ® 0e O e /w e = 
S(U P , O e /zu e ). These spaces are admissible smooth representations of G(F + ®q 
Q p ) since their subspaces of L/p-invariant vectors for any U p are S(U p U p ,O e ), 
S{U p U pi O E /w E ) or S{U p U p ,k E ). We also consider the p-adic completion of 
S(U p ,O e ), that is 



S(U P , O e ) := lim (S(U P , E )/w n E ) limS(f/ p , Os/w™ 



which has the induced action of G(F + ®q Q p ). If we tensor S(U p ,O e ) by £7, 
we obviously get an admissible unitary continuous representation S(U P , E) of 
G(F + ®q Q p ) over E with S(£/ p , E ) as unit ball. 
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If £ a finite set of finite places of F + containing the set of places of F + that 
split in F and divide pN and the set of places of F + that split in F and at which 
U p is not unramified, the algebra T s acts on S(U P U P , O e ), S{U p U p ,O e /vj%), 
S(U p U p ,k E ) for any U p and thus also on S(U p ,O e ), S(U p ,O e /w e ), S(U p ,k E ), 
S{U p ,O e ) and S{U P ,E). This action commutes with that of G{F + ® Q Q p ). 
Therefore, if / is any ideal of T s , S(U P , E)[I] is an admissible unitary continuous 
representation of G(F + ®q Q p ) over E which is a closed subrepresentation of 
S(U p ,E). 

If m E is a maximal ideal of T E with residue field k E ,we can define the localized 
subspaces S(U P U P , k E ) m s and their inductive limit 

\imS(U p U p ,k E ) m z = S(U p ,k E ) m ^ 

which inherits an induced (admissible smooth) action of G(F + ®q Q p ). We have 
S(U P U P , /c£)[m E ] C S(U P U P , k E ) m T. C S(U P U P , k E ) and thus inclusions of admissi- 
ble smooth G(F + ®q Q p )-representations 

S(U p ,k E )[m*} C S(U p ,k E ) m * C 5(f/^ £ ). 

Moreover, as representations of G(F + ®q Q p ), S(U P , k E ) m s is a direct summand 
of S(U P , k E ) (the maximal vector subspace on which the elements of m s act 
nilpotently). Finally, if U' p C U p is a smaller compact open subgroup, if £' D £ is 
as above with respect to £/ /p and if m E := m E nT s is the unique maximal ideal of 
T E C T s with residue field k E that is contained in m s , then we have S(U P , k E ) C 
S{U' p } k E ), S{U p } k E )^ C S(£/ /p ,M mE , and 5(17", A; £ )[m E ] C S(£/ /p , fc £ )[m E ']. 

4.2 The conjectures 

We state our local-global compatibility conjectures. We keep the setting and 
notation of §4.11 and assume moreover that p splits in F + . 

We start with the p-adic case. 

Let r : GaX(F/F) —> GL n (E) be a continuous representation. We assume: 

(i) r is ramified only at a finite number of places of F; 

(ii) r c = r v g) e 1 "™ (where r c (#) := r(c#c) for # G Gal(F/F)); 

(iii) r is an absolutely irreducible representation of GaX(F/F). 

Let ?7 P C G(A^f) be a compact open subgroup and £ a finite set of finite places 
of F + containing the set of places of F + that split in F and divide pN, the set of 
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places of F + that split in F at which U p is not unramified and the set of places 
of F + that split in F at which r is ramified. We associate to r and £ the prime 
ideal p s in T s generated by all elements 

((-iyNovm(w) j ^ /2 T^ - a®) , 

where j G {1, . . . , n}, w is a place of F lying above a finite place of F + that splits 
in F and doesn't belong to E, Norm(w) is the cardinality of the residue field at 
w and where X n + a^^™ -1 + • • • + aw + aw is the characteristic polynomial 
of r(Frob w ) (an element of 0e[X]). 

For a finite place w of F, we denote by r w the restriction of r to a decompo- 
sition subgroup at w. We assume finally: 

(iv) r w is generic ordinary (in the sense of §3.2l and Definition ^. 3. ip for all places 
w of F above p. 

Recall this means that r w is upper triangular (up to conjugation) and its diagonal 
characters (Xw,j)i<j<n satisfy Xw,iX w ]j & {l^i^" 1 } f° r * 3- By the relation 
r c = r v ® e 1- ™ this is equivalent to r c being generic ordinary for all places v 
where v\p in F + . In particular we can define the G(F+)-representation U(rv) ord , 
where G(F+) acts via l$ : G(F+) — > GL„(F S ) = GL„(Q P ) and where we choose 
6 1 := (n — 1, n — 2, . . . , 0) as twisting element and the upper triangular matrices 
in GL n (F c ) as Borel subgroup (as in Example 13.4.61) . 

Lemma 4.2.1. Suppose that p : Gal(Q p /Q p ) — > GL n (E) is generic ordinary. 
Then the GL n (Q p ) -representation L T (p v ) ord £g>(£: n ~ 1 odet) is isomorphic to II(p) ord 
but where GL n (Q p ) acts via the inverse transpose on the latter. 

Proof. Let w G W be the longest element, JCSa subset of pairwise orthogonal 
roots and Gj C GL„/q as in §3.11 The inverse transpose g >->• r~ l (g) preserves 
Gj. If Ilj is an admissible unitary continuous representation of Gj(Q p ) over E, 
we let 11} be the admissible unitary continuous representation of G_ tU0 (j)(Q p ) 
with the same underlying Banach space as II j and where g G G_ u , (j)(Q p ) acts 
by T(w gw = ib T{g)~ x WQ 1 G Gj(Q p ) (note that WqGjw q 1 = G Wo{J) = 
G-w (j)). If x '■ T(Q P ) —> C _E X is a unitary continuous character, one checks 
that 

^ lnd B-(Q P )n Gj (Q p )Xj J - l ind B-(Q P )nG_ o(J) (Q P ) w o(X J J • (^) 

Without loss of generality, p is a good conjugate, and we let p' := w p v WQ 1 (a 
good conjugate of p v ). It is easy to see that C p i = —w (C p ), Wc pl = WqWc p Wq 1 
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and Xp' — WoiXp 1 )- Since w ((e 1 o 6) x ) = (e 1 o 6>) • (e n 1 o det), this implies 
by Proposition 13.3.31 and (123"]) that 

n(p)* = n(p')- W o(/)®(^" lo det), 

where / is as in Proposition ^. 3. 31 Finally, if II is an admissible unitary continuous 
representation of GL n (Q p ) over E and if we denote by IT* the admissible unitary 
continuous representation of GL n (Q p ) with the same underlying vector space as 
n but where g G GL n (Q p ) acts by r(g)~ 1 , one checks that 

(( In Cl£l Wp) n(p),) c y = (^^_ ffio(J) (Q p) n(p)S c0 = 

( Ind B L lSL„ 0(J) m WUoinf ® O^ 1 ° det) 

from which it follows that (Tl(p) ord )* = n(p v ) ord ® (e™^ 1 o det) (see $£3). □ 

Since r> ^ ^e 1 "", we have II(rv) ord ^ II(ry) ord <g> (e 1 "" o det) and Lemma 
14.2. II implies that the GL n (Q p )-representation IT det) is isomor- 

phic to n(r e ) ord but where GL„(Q P ) acts via the inverse transpose on the latter. 
Equivalently, the GL„(Q p )-representation n(r S c) ord eg) [e 71 ^ 1 o det) is isomorphic 
to n(r c ) ord <S> (e n_1 o det) but where GL n (Q p ) acts via the inverse transpose. As 
co L d c is conjugate to r _1 o l$ (see §4.ip . we see that the G(F+)-representation 
Il(r e ) ord <g> (e n_1 o det) ultimately only depends on v\p and not on the choice of v 
above v. 

If II is an admissible unitary continuous representation over E of G(F + £8>qQ p ) 
and if IT', IT" C II are two closed invariant subspaces such that all the irreducible 
subquotients of both IT' and II" are isomorphic to irreducible subquotients of 
(unitary continuous) principal series as in 0, then the same is true for the closed 
invariant subspace II' + II" C II (since any irreducible subquotient of IT + IT" 
appears either in II' or in II"). Therefore one can define Il ord C II as the maximal 
closed G(F + ®q Q p )-subrepresentation such that all its irreducible subquotients 
are isomorphic to irreducible subquotients of (unitary continuous) principal series 
of G(F+(g) Q Q p ). 

Conjecture 4.2.2. Let r : Gal(F/F) — » GL n (E) be a continuous representation 
that satisfies conditions (i) to (iv) above and assume that there exist a compact 
open subgroup U p C G(A^f) and a finite set £ of finite places of F + as above 
such that S(U p ,E)[p^} ^ 0. Then there is an integer d G Z >0 depending only 
on U p and r such that we have an isomorphism of admissible unitary continuous 
representations of G(F + ®q Q p ) = Yl v ^ p G(F^) over E, 

T(g)(n(r c ) ord ®(e"- 1 odet)) N ) ^ S(U P , £)[p s ] ord . (24) 

^ v\p ' 
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Remark 4.2.3. Note that S(U P , -E)[p E ] ^ implies assumption (i) above on r 
and that both sides of (1231) are admissible unitary continuous representations. It 
should also be true that S(U P , £)[p s ], and thus S(U P , E)[p s ] old , don't depend on 
E as above (for the latter, this is implied by the conjecture). 

Remark 4.2.4. One can formulate a slight generalization of Conjecture 14.2.21 
where we assume in (iv) above that r% is generic ordinary for some subset S p of 
the places v\p only and is potentially semi-stable with distinct Hodge-Tate 
weights at the other v\p. In f[2~4"|) . one then has to replace the completed tensor 
product over all places v of F + dividing p on the left hand side by the completed 
tensor product over the places of S p and S(U P , i?)[p s ] ord on the right hand side 
by 

Eom Yp (^L(X 9 ),S{U',B)\p E ] 

v\p 

Here V p is a suitable compact open subgroup of Y[ v\p G{O f +) and L(\$) is the 

v<01 v 

irreducible algebraic representation of Gx 0p+ [jy^ Fj~ ~ GL n / F _ over E of highest 
weight A s = (A C; i, . . . , A Si „), where A 5i i > A C;2 - 1 > • • • > A c , n _i - (n - 2) > 
Ac, n — (n — 1) are the Hodge-Tate weights of r$ (the Hodge-Tate weight of e being 
1 by definition). 

We now state the mod p conjecture. 

Let f : Ga\(F/F) —> GL n (/cg) be a continuous representation. We assume: 

(i) r c = r v ® a; 1 "™; 

(ii) r is an absolutely irreducible representation of Gal(F/F). 

Let t/ p C G(A™f) be a compact open subgroup and S a finite set of finite places 
of F + containing the set of places of F + that split in F and divide pN, the set of 
places of F + that split in F at which U p is not unramified and the set of places of 
F + that split in F at which r is ramified. We associate to r and S the maximal 
ideal m E in T E with residue field generated by ccTg and all elements 

({-iyNoim{w) j(j ~ 1)/2 T^ - a$) , 

where j G {1, . . . , n}, w is a place of F lying above a finite place of F + that 
splits in F and doesn't belong to S, X n + a^X™" 1 + • • ■ + a^X + is the 
characteristic polynomial of r(Frob„,) (an element of /cg[X]) and where c&o is any 
element in Oe lifting a$. 

For a finite place w of F, we denote by f w be the restriction of r to a decom- 
position subgroup at w. We assume also: 
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(iii) r w is generic ordinary in the sense of Definition 13.4.21 for all places w of F 
above p. 

Again, by the relation (i) above, (ii) is equivalent to being generic ordinary for 
all places v where v\p in F + . In particular we can define the G(.F+ ^representation 
Il(r i )) ord where G(F+) acts via 6 C : G(F+) — > GL n (F c ) (and where we choose 
6 := (n — 1, n — 2, . . . , 0) as twisting element). By the same proof as for Lemma 
14.2.11 the G(F+)-representation IT(r e ) ord £g> (w n_1 o det) only depends on v\p and 
not on the choice of v above v. 

If II is an admissible smooth representation of G(F + ®q Q p ) over k E , we 
define Il ord C II as the maximal G(F + £g>Q Q p )-subrepresentation such that all its 
irreducible subquotients are isomorphic to irreducible subquotients of principal 
series of G(F + ®q Q p ) over k E . 

Conjecture 4.2.5. Let r : Gal(F/F) — > GL n (k E ) be a continuous representation 
that satisfies conditions (i) to (iii) above and assume that there exist a compact 
open subgroup U p C G(A™f) and a finite set S of finite places of F + as above 
such that S(U p , k E )[m E } ^ 0. Then there is an integer d E Z>o depending only on 
U p and f such that we have an isomorphism of admissible smooth representations 
of G(F+ ® Q Q p ) = U v \ p G(F+) over k E , 

[(g) (n(r,) ord ® (a;"" 1 o det)) V A S(U P , k E ) [m s ] ord . (25) 

^ v\p ' 

Remark 4.2.6. As in Remark fl~2T3| note that S(U P , fcs)[m s ] ^ implies as- 
sumption (i) above on r and that both sides of ( l2~5"j) are admissible representa- 
tions. Also, Conjecture 14.2.51 in particular implies that S(U p ,k E )[m E } OTd doesn't 
depend on S, but in fact it shouldn't be too hard to prove that S(U P , /ce)[m E ] 
(and thus S(U P , /c^)[m s ] ord ) is independent of E for any p, see e.g. |BDJ1CH Lem. 
4.6] for an analogous result. 



4.3 A local result I 

In this section and the next, we prove the main local theorem which our local- 
global compatibility result (in §4.5p will rely on. We keep the same notation and 
assumptions as in §3.41 We start here with some preliminaries. 

If a is a Serre weight for G(F P ) (seen as a representation of G?(Z P )), we de- 
note by c-Ind^|^ a the usual smooth representation that is compactly induced 

from a and by Hg{g) '■= Endc(Q p ) (c-Ind^^ a) the (Hecke) fc^-algebra of its 
endomorphisms (see e.g. [Her 11} §2.1]). The /c^-algebra T-Lg(c) is commutative 
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and of finite type, and for any smooth representation tt of G(Q P ) over the 
vector space Hom G ( Zp )(cr, ti\g{i p )) is naturally a (right) "H G (cr)-module via Frobe- 
nius reciprocity Hom G(Zp) (cr, 7r| G(Zp) ) = Hom G(Qp) ( c-Ind^^j cx, vr) . Moreover, 
H G (cr) can be identified with the /cg-vector space of compactly supported func- 
tions ip : G(Q P ) — > Endfc B (a) such that (p(high,2) = h\OLp( y g)oh2 for /ii, /i 2 G G(Z P ) 
and g G G(Q P ) endowed with the multiplication given by convolution. 

Let P = MUm be a standard parabolic subgroup of G over Z p , where [/a/ 
(resp. M) is the unipotent radical (resp. the Levi subgroup), P~ the opposite 
parabolic subgroup of P and the unipotent radical of P~ . Replacing G by M 
and a by the subspace of coinvariants a u - ^ (which is a Serre weight for M(¥ p ), 
see e.g. [Her 11} Lem. 2.3]), one can define in an analogous way the (commutative 
noetherian) algebra 'Hm{o' u - (z p ))- When M = T, we write instead of . 

Example 4.3.1. Let G = GL„, T the torus of diagonal matrices and B the upper 
triangular matrices. For 1 < j < nlet M, := GL n _y xGLj and P., := MjUm ■ One 
has H G (a) = fcefT^i, . . . , T CT) „_i, T^, T"*], where T CTji , 1 < j < n, corresponds 

to <fj : G(Q p ) — > Endjt B (o") with support on G(Z p ) ^ j G(Z p ) sending 

( ln ~ J pij ) ^° ^ ne endomorphism a -» a v - ^ £- o Jm ^ Ijv) ^ a. 

By [Herllj §2] the map <p i-> (m h-> p a - o ( E« e i^(z p )\c^(Q p ) ^H)) ( wh ere 
m G Af(Qp) and p v - is the projection a -» cTjj- ^) induces an injective ho- 

momorphism of /c^-algebras Sm '■ %g(c) ^ Hm(&u~ (z p )) which is a localization 
map ( |HerlH Prop. 2.12]). It follows that if 77 : % G (cr) ~ * is a morphism of 

algebras that factors as a morphism of fc^-algebras Hq(o~) >• 'Hm( c, 'u~ (z p )) ~* ^e, 
then the morphism %m{^u- (z p )) — ^-S * s unique an d we denote it by S^j (rj). 

Definition 4.3.2. We say that a morphism of fc^-algebras "H g (<j) — » fog is an 
ordinary character ( 



ordinary character (of "H G (<r)) if it factors as a morphism of /^-algebras % G (a) 



If 77 : "H g ((t) -»■ is any morphism of /^-algebras, Hom G ( Zp) ((T, vr| G(Zp ))[r/] will 
denote the maximal fc^-vector subspace of Hom G (z p ) (cr, ir\a(z p )) on which % G (cr) 
acts by the character 77. 

The following theorem (a special case of [Her Hi Thm. 3.1]) will be crucial. 

Theorem 4.3.3 ( [Herllp . Let A G X^T) such that 1 < (A, a v ) <p — l for all 

a G S and let 77 : H G (P(A)) — >• £j£ 6e an ordinary character. Then we have a 
canonical isomorphism of smooth G(Q P ) -representations 

( c-Indgg F(A)) ®h g (f(\)),t] k E ^ Ind*% X , (26) 
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where x '■ B (Q p ) -» T(Q p ) — >■ fcg zs the smooth character giving the action of 
T(Q P ) on the 1- dimensional vector space 

Note that we necessarily have F(X) <^-> soc G (z p ) ( Ind^i^ ^ x) > i n particular 
x|t(z p ) gives the action of T(Z P ) on ^(A)i7-(z ). Conversely, for any character 
X '■ T(Q P ) — > kg such that x\t<z p ) — F(tyu-(z p ), it is easy to see that there is a 
unique morphism of fc^-algebras rf : 'Ht{F{\)u-(z p )) ~ >* k F such that fl26|) holds 
with rj := rj' o S F - 

Example 4.3.4. Keep the setting and notation of Example I4.3.1I and let a : = 
F(X) with A := (Ai, . . . , A„) G Z n such that 1 < A, - A m < p - 1. Then 

?7 : ^gl„(-F(A)) = k E [T F (\),i, . . . ,T F{X ),n-i,T F ( X ),n,T~( X) J — > k E 
is ordinary if and only if r)\j := T](Tpix),j) G f° r au i an< ^ we then have 

(c-Ind^:g;jF(A)) % GL „( FW)fl fe = 

Ind^gf (uA nr ® • ■ ■ ® nr (5g) ® u/« nr (^)) . 

Corollary 4.3.5. i^eep i/ie same assumptions as in Theorem \4-3.3\ and let 71 be 
a smooth representation of G(Q P ) over k E - Then restriction to F(X) induces an 
isomorphism 

Hom G(Q P ) (Ind^ p) x,7r) ^ Hom G(Zp) (F(A), tt\ G {z p )) [rj). 
Proof. By Frobenius reciprocity we have 

Hom G(Zp) (F(A),7r| G(Zp) )M = Hom G(Qp) (c-Indgg F(A), 7r)fo] 

= Hom GWp) ( (c-Indg F(A)) ®« g( f(a)),„ fo?, tt) 
and the statement follows from Theorem 14.3.31 □ 

Let P = MU m be a standard parabolic subgroup with opposite parabolic sub- 
group P (all over Z p ). In |EmelOa] . Emerton defined a functor tt i— > Ordp(7r) 
from the category of smooth representations of G(Q P ) over k F to the category of 
smooth representations of M(Q p ) over k F which preserves admissibility. If II is 
a smooth representation of G(Q P ) over k F and ttm an admissible smooth repre- 
sentations of M(Q P ) over k E (viewed as a representation of P~{Q P ) by inflation), 
he proved moreover the adjunction formula ( [Erne 10a] Thm. 4.4.6]) 

Hom G(Qp) (lnd?%7r M ,n) = Hom M(Qp) (7r M) Ord P (II)). (27) 
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Lemma 4.3.6. Let U be an admissible smooth representation of G(Q P ) over 
such that H\g(z p ) is an infective object in the category of smooth representations of 
G(Z P ) overkE- Then Ordp(II) is an admissible smooth representation of M(Q P ) 
over Ice such that Ordp(n)|Af(z p ) is an injective object in the category of smooth 
representations of M(Z P ) over Ue- 

Proof. Only the last injectivity requires a proof. Let Zm be the centre of M, 
M + (Q P ) the submonoid of M(Q P ) of elements m such that wUm {% p )m~ 1 C 
£/ M (Z p ) and set Z^(Q P ) := M + (Q P ) n Z M (Q P ). Then Z^(Q P ) naturally acts on 
Y[Um(z p ) (this is a Hecke action, cf. [EmelOaj Def. 3.1.3]) and since II is admissible, 
by jEmelObl Thm. 3.4.7] we have U Um(z ^ = (rF^^o © (U Um ^) x , where 
(II c/ m( z p)) is the sum of the finite-dimensional subspaces of Yl 11 ^^) preserved by 
Z^(Q p ) on which at least one element of Z^(Q P ) is nilpotent and (n t/ * f ( Zp ))i is the 
sum of the finite-dimensional subspaces of 1[ u m( z p) preserved by Z^ I (Q P ) on which 
Zm(Qp) is invertible. Since the obvious action of M(Z P ) on H u m(% p ) commutes 
with that of Z^(Q p ), it preserves the subspaces (U Um ^) and (]1 Um ^)i. By 
definition of Ordp(II), we have Ordp(II) = (n' 7M ( Zp )) 1 and in particular the 
M(Z p )-representation Ordp(IT) is a direct summand of the M(Z p )-representation 
IFm(z p )_ Hence it is enough to prove that U Um ^ is an injective M(Z P ) -represen- 
tation. By |EmelOb[ Prop. 2.1.11], n|p(^ p ) is an injective P(Z p )-representation 
and since C/at(Z p ) is a normal subgroup of P(Z P ), it is straightforward to check 
that (TI\p {Zp) ) Um(z ^ is an injective P(Z P )/U M (Z P ) = M(Z p )-representation. □ 

We will also need the following lemmas. 

Lemma 4.3.7. Let a be a Serre weight for G(F P ) and let Q be an admissible 
quotient o/c-Ind^|^ a. Then, replacing k E by a finite extension if necessary, Q 
admits a finite filtration by G(Q P ) -subrepresentations such that the graded pieces 
are isomorphic to quotients of the representations (c-Ind^|^a) <S>n G (^),v ^ E f or 
some characters r\ : T-La(a) — > kE- 

Proof. Since Q is admissible, the /c^-vector space Hom G ( Zp )(<r, Q) is finite-dimen- 
sional, hence decomposes as a finite direct sum of generalized eigenspaces under 
the action of the commutative algebra T-Lg{°~) (replacing /eg by a finite extension 
if necessary). Let / be any surjection c-Ind^|^ a -» Q and write / = Yljfji 
where the fj belong to generalized eigenspaces of Hom G ( Zp )(cr, Q). Then the 
subrepresentation /^(c-Ind^^ a) C Q satisfies the statement of the lemma for 
the corresponding eigencharacter rjj. Since Q = J2j fj ( c_m d^|^ p j a) we are done. 

Lemma 4.3.8. Let J C S be a subset of pairwise orthogonal roots, Gj the corre- 
sponding Levi subgroup in G (see Q3.1fi and fix an isomorphism T'j x GLg = Gj 
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as in Lemma 3.1.^ , Let oj be a Serre weight for Gj(¥ p ) and rjj : T-Lgj(°~j) ~^ k E 
any morphism of k E -algebras. Write <jj = a'j <S>k E (®peJ (T p)> where a'j is a Serre 
weight for Tj(¥ p ) and ap a Serre weight for the copy of GL2(F p ) corresponding 
to (3. 

(i) We have an isomorphism of commutative kE-algebras 

n Gj (aj) = Ut^o'j) ® kE (®pejH GL2 (ap)). 

(ii) Using (i) write rfj := Vj\n Tlj (a' T ) and r}p : = r?j|<H GL2 M f or e J - We have 
an isomorphism of admissible Gj(Q p ) -representations 

( c - Ind S£^) ®U Gj{ « j)m k E = 

PEJ 



Proof. Everything follows from the proof of [H er 114 Lem. 8.2], [BL94] . |Bre03] 
and the analogue of Lemma [A. 31 for smooth representations over k E . □ 

Lemma 4.3.9. Keep the notation and assumptions of Lemma \4 . 3. 8\ and as- 
sume moreover that rjj is ordinary. Let tj = t'j ®k E {®pe.J T p) be another Serre 
weight for Gj(¥ p ) and : Hgj( t j) k E a morphism of kE-algebras which 
is not ordinary. Set yl 3 := fXj\n T , (r ^ ; ix'j := (c-Ind T J (z ^ a'j) <S>u T , (a'j),^ k E 

rj-\/ f(f\ \ 

and 6'j := ( c-md T ? (z ^ t'j) ®h t , (t'j),^ k E- For (3 e J set n p := Hj\h GL2 (t p ), 

Tip := (c-lu^^ap)® HQ ^ {(Tp)m kE andOp := (c-Ind^^j Tp)®u G ^{r^k E . 
Then in the category of smooth representations ofGj(Q p ) over k E we have 

^gjCOp) W (®P&jKp),Q'j ®k E {®pzjOp)) = 

Ext Gj(Q P ){ e '.J ®k E {®pej9p)^j ® kE (®p e jKp)) = 0. 



Proof. Since /ij is not ordinary there is (3 G J such that 9p is a supersingular 
representation of GL 2 (Q P ) by |Bre03j . Since irp is a (possibly reducible) principal 
series of GL 2 (Q P ) (using Theorem 14.3.31 and the fact r)p is ordinary), we have 

Hom GL2 (Q p) (6' / g ,7r ft) ) = Hom G L 2 (Q p )(7r /9o , 9p ) = Ext GL2 ^(9p ,TTp ) = 

Ext GL 2 (Q p )( 7r /3o^/3o) = °> 

the first two by [BL94j and |Bre03| and the latter two by |BP121 Cor. 8.4] and 
[PaslOaj . Now set 7r^° := ix'j ® kE (®>peJ\{Po} n p) an d define 9@° analogously. We 
can then apply Lemma lA.6( i) first to Tlx := itp , Yl 2 := vr*, Yl[ := 9p , U' 2 := 9^°, 
then to Hi := 6p , il 2 := 9^°, U[ := irp , U' 2 := tt^° (this lemma is for continuous 
representations over E but of course remains true, and is even simpler, for smooth 
representations over k E as one can see from its proof). □ 
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4.4 A local result II 



Keeping the notation and assumptions of §4.31 we now prove the local result 
needed for our local-global compatibility mod p. 

We fix a continuous homomorphism 

p : Gal(Q p /Q p ) — ► B c .(k E ) C B(k E ) C 

such that the closed subset Cp C i? +v is minimal under conjugation by B{k E ) 
and we assume that p is inertially generic (Definition 13.4. 4p . We recall that this 
implies that p is large enough so that Lemma [3.4.11 holds (see §3.4p . 

If a is a Serre weight for G(¥ p ) and 7r an admissible smooth representation of 
G(Q P ) over k E , we write Hom G ( Zp )(cr, 7i\G(z p )) ord for the maximal vector subspace 
of Hom G(Zj; )((T, tt\ G (z p )) on which the action of H G (a) extends to %t(cj/-(z p ))- 

Theorem 4.4.1. Let II be an admissible smooth representation ofG(Q p ) over k E 
such that H\g(z p ) is an injective object in the category of smooth representations 
of G{lip) over k E . Let u> G _ € Wo- and assume 

Rom G{Zp) (F(X w - Hx7) - 6),U\ G(Zp) r d = (28) 

for all w = (Ylaei v Sa ) Wc P' where I C w c -_(S' v ) fl Cp runs among the non- 
empty subsets of pairwise orthogonal roots and where A„,-i( x _) is as in the proof 



of Proposition 3.4-5 Then restriction to the G{ r L p )-socle induces an isomorphism 
Hom G(Qp) (n(p) G _^ c _,n) ^ Hom G(Zp) (F(X V1 ^ M - 6), II| G(Zp) ) [r}p, wa _), 

where rj-p, Wc _ is the ordinary character of 'Hg(F(X w -i (jc _^ — 6)) associated to \ = 
w o^(Xp) ' ° Theorem \4-3.3 



Proof. First, the fact that F(\ w -i( x _j — 6) is the G(Z p )-socle of H(p)o^ )Wa _ follows 

from the proof of Proposition ^. 4. 51 (and the inertial genericity of p) . By Corollary 
14.3.51 applied to A = A^-L( x _) — 9 and r\ = rfp tWc _, it suffices to prove that the 

restriction to n(p) = Ind^^^ w c ^_(xp) ' ( w 1 ° &) induces an isomorphism 

Hom GWp) (n(p) G _ wc _, n) -A- Hom G(Qp) (n(p) , n) . (29) 

Set J := Wc^iy C S as in Proposition E33] and Wj := ( Yl aGwc _ {J) s a )w Cr 

Step 1: We prove that we are reduced to show (129]) for all II (p)/ (instead of 
n(p) G _ jW)c _), where / C w G _(5* v ) fl Cp is a subset of pairwise orthogonal roots. 
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Indeed, fixing a compatible system of injections H(p)i> ^ n(p)/ for I' C I, 
we see that a given morphism g G Hom G (Q p )(II(p) , IT) will then correspond for 
each / to a unique morphism // G Hom G (Q p )(IT(p)j, IT) necessarily such that 
//|n(p) z , = //' if I' Q I- Then / := lim/j G Hom G (Q p )(n(/3) G _ mo _, n) will map to 

~T p 

g, and it is the unique such element. In the sequel, we fix / C wcJS v ) fl Cp a 
subset of pairwise orthogonal roots (possibly empty) and set J := w^(I) v C S 1 , 
Pj := PG j, Pj := B~Gj and {7/ the unipotent radical of Pj (over Z p ). 

Step 2: We prove that it suffices to show that the restriction map 

H ° m G. 7 (Q P ) (n(p)/,Ord Pj (n)) -)• Hom Gj(Qp) (n , Ord Pj (IT)) 
is an isomorphism. 

Recall that II(p)j = Ind^jJ fi(p)j and similarly that U{p) = IndJ^J ff(p) . 
The claim thus follows from Step 1 and the adjunction (l2"7j) . 

Step 3: We prove that for any A G Xi(T) such that 1 < (A, a y ) < p — 1 for all 
a G S and any r? : H G (F(\)) —¥ k E that factors through 'Hgj{F{X) u -m J, we 

have Hom G(Zp) (P(A), II) fo] = Hom Gj(Zp) (P(A) l7J(Zp) , Ord Pj (IT))[S G »] 7 . ' 
We have the following isomorphisms: 

Hom G(Zp) (F(A),n)[r,] m Hom G(Qp) ((c-ladggj F(A)) ® WG(F . (A))i „fc B ,n) 

a (( c - Ind §S) F(A) ^(%))®« /^) u - (Zp) ),^(,) fc -' 0rd ^w) 

= Hom Gj(Zp) (FCA)^ (Zp) ,Ord Pj (II)) [^j W] , 

where the first isomorphism is Frobenius reciprocity for G(Q P ), the second follows 
from [Tier 11) Thm. 3.1], the third from ( 127)) together with the admissibility in 
Lemma 14.3. 8f ii). and the last is Frobenius reciprocity for Gj(Q p ). As a corollary, 
we get in particular from (1281) . 

Hom Gj(Zp) (P(A w - lfe) - 0)^ (2p) , Ord Pj (IT)) [77] = (30) 

for all 7^ J' C J and all ordinary characters 77 : ^Gj(F(X w -i^ x _^ — 9)uj(z p )) ~~ >" 
kg (even replacing by any finite extension). 

Step 4: We prove that there exists a unique Gj(Z p )-subrepresentation P(p)j 
of n(p)j such that its irreducible constituents are the Gj(Z p )-socles of the irre- 
ducible constituents of n(p)j. 

We fix an isomorphism T'j x GLg = Gj as in Lemma 13.1.41 and freely use the 
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notation of the proof of Proposition 13.3.31 We write := w o^(Xp)\t^(q p ) an d 
Xp,J,P := ( s P w c T Y l (.X-p)\Tp(<Q> P ) for /3 E J. We recall that 

ff(p)i = X L P ,j ■ o 8\ T > m ) ® kE (g)^, 

0<=J 

where the GL 2 (Q p )-representation £p is the unique non-split exten- 
sion of \^ G ^\{s^c t Y\Xt) ■ o e)\ mQp) by Ind^ } (w£ fo) • a;" 1 o 
0)|t 3 (q p ) ([EH21 Cor. 8.3] or jEmeinbl Prop. 4.3.15], see M3D- By the inertial 
genericity of p, the GL 2 (Z p )-socle of Ind^? p) {w c _[(xp) • w -1 o O)\ T0{Qp) (resp. 

Ind ?* L o ( ? p) (( s /3 w Cp) _1 (Xp) • w" 1 o 9)\ T/3 (Q P )) is a Serre weight (resp. a' p ) for 

GL 2 (Z P ) and £s|gl 2 (z p ) contains the unique non-split extension ep of a'g by cr^ 
(see e.g. |BP12| Thm. 20.3]). It is therefore clear that the sought-after Gj(Z p )- 
representation is the Gj(F p )-representation 

F (p)j ■= x'pJr'jiZp) ■ (w" 1 o 9\r j{Zp) ) ® kE (g) ep. 

For J' C J, we let II ji := Ind^L^^ nGj ^ ^w~j}(xp) " u 1 ° $ be the irreducible 
constituents of IT(p)7- (see §3.4p and Fj/ := ^X^-, 1 ^-) — 0) U j^i p ) its unique Serre 
weight. Note that U = U(p) . In the sequel we write (c-Ind^ F(p)j) for 
(c-Indg^F^),)©^^^^. 

Step 5: We prove that restriction to II induces a surjection 

Hom Gj(Qp) ((o-Indg^}F(^ J ) ,Ord JV (II)) - Hom Gj(Qp) (ll , Ord Pj (II)) . 

By the definition of (c-Ind^|^ F(p)j) as pushout it suffices to show that the 
natural map 

Hom Gj(Qp) (c-Ind^j^F^^Ordp^n)) 

Hom Gj(Qp) ( c-Indgg;} F , Ord Pj (II)) 

is surjective. But this follows from Frobenius reciprocity and the injectivity of 
Ordp J (n)| Gj (z p ) (which holds by Lemma l4.3.6p . 

Step 6: Let K be the kernel of the natural surjection ( c-Ind^|^ p j F(p)j) -» 

II(p)/ and / G Hom Gj (Q p )(-ft', Ordp J (II)), we prove that the pushout along K -» 
f(K) of the exact sequence of Gj(Q p ^representations 

_> K -> ( c-Ind F(p) ,) -> f^p), -> (31) 
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is a split extension. 

We can prove the splitting after replacing /eg by a finite extension. Note first 
that the above natural surjection follows from the construction of F(p)j in Step 
4 and the exactness of compact induction. For J' C J, let 

Kj, :=Ker(c-Indgg; ) ) F J ,^n J ,). 

By a straightforward iteration of the snake lemma, we see that K admits a fil- 
tration by subrepresentations = Fil i^ C Fillip C • • • C Fil|j|F" = K such that 
FiLyF/FiL^if ^ © j'cjKj, for j e {1, . . . , | J\}. Let T u . . . ,T h be generators of 
\J'\=j 

the commutative /cp-algebra "H Gj (Fj/), by Theorem 14.3.31 applied to Gj, we have 
an exact sequence 

© c-Ind F,, c-Ind Fj, II j/ -> 0, 

where the first map is ^j=i(^i ~ v(Tj))- We deduce a surjection 

(c-Indg^F^)"^^, 

Now let / G Hom Gj (Q p )(ii', Ordp J (n)). Since Ordp J (n) is admissible so is f(K) 
and the image of the filtration FiljF in /(F) induces a finite filtration Filjf(K) 
(j > 1) such that its graded pieces are admissible quotients of 

e( c -i„d-<«^. 

J'CJ 

Refining this filtration, we can assume that the graded pieces are admissible 
quotients of single c-Ind^/ 1^ ) Fj' (for J' 7^ 0). By Lemma 14.3 .71 refining again 
this filtration (and replacing fc^by a finite extension if necessary), we can assume 
that the graded pieces are of the form 

(^G^Fj^naAF^kE (32) 

for / J' C J and characters rj. The assumption of inertial genericity of p 
implies by Lemma l4.3.8( ii). Theorem 14.3.31 and [BL94j that the representations 
( 13"2"j) are irreducible for all 7^ J' C J and all T). We now prove that the 
representations ( 13"2"j) that occur as subquotient of /(F) are such that 77 is not 
ordinary. Indeed, by ( 130|) . we know that those which occur in soc<3j(q p )(/(F)) 
(hence in socG J (Q J ,)(Ordp J (n))) can't have an ordinary 77. If a representation fl32|) 
that occurs as a subobject of f(K)/ socgj(q„)(/(F)) has an ordinary 77, then by 
Lemma 14.3.91 it also appears in soc Gj (q p )(/(F)) which is a contradiction. By 
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induction (considering the socle filtration of f(K)) we see that all subquotients 
(13"2"|) of f{K) have non-ordinary 77's. But then, again by Lemma 14.3.91 and a 
straightforward devissage, any extension 

— ► f(K) — ► * — ► n(p) 7 — ► 

has to be split since all irreducible subquotients of the Gj(Q p )-representation 
n(p)j are as in fl32|) for ordinary 77's. 

Step 7: We complete the proof of the theorem by showing that the restriction 
map induces an isomorphism 

Hom Gj(Qp) (n(p)j,Ord Pj (n)) ^ Hom GjWp) (ll , Ord Pj (n)) . 

To see that this map is injective, note that for ^ J' C J we have 

Hom Gj(Qp) (n j; ,Ord Pj (n)) = Hom Gj(Zp) (Fj,, Ord Pj (IT)) [ v ] 

for some ordinary character rj : Hgj(Fj') — > &e by Corollary 14.3.51 and this is 
zero by (1501) . To prove surjectivity, suppose that / G Hom Gj .(Q p ) (n , Ord Pj (n)). 
By Step 5 there exists an element 

/ G Hom Gj(Qp) ((c-Ind^g; ) ) F(p) J ) ,Ord Pj (n)) 

mapping to /. Consider the exact sequence (13~T1) and its pushout 

-> /(if) -> ( c-Ind^g;} F(p) j) 0J nCp), -> 0, (33) 

where 

(c-Ind F(p) ,) 0j/ := /(if) (c-Indgg F(p)j) . 

Then / factors through a map / : (c-Ind^|^j F(p)j) j — > Ord P/ (II). By Step 6 

there exists a splitting s : II (p)/ -> ( c-Ind^^ F (p)j) f °f (E3D- We claim 

that / o s lifts /. It suffices to show that the composite Il — > II (p)/ -H- 

(c-lndgjjjp) F (P)j)ei,f is the natural ma P- B y a PP!y m g Hom Gj(Qp) (n , -) to 
( 133]) and using that /(if) does not contain any principal series (by Step 6), it is 
enough to check that the above composite and the natural map become equal in 
Hom Gj (Q ) (n ,n(p)/). This is clear by construction. □ 

Remark 4.4.2. In Step 7 we could alternatively work with — > /(if) — > 
Im(/) — > Q — > (instead of (133]) ). where the cokernel Q is a quotient of II(p) P 
The argument of Step 5 shows that this sequence splits. It suffices to consider 
the case when / 7^ 0. Then Q = H(p)i because Im(/) contains Im(/) = II , the 
Gj(Qp)-socle of IT(p)j. The proof concludes as before. 



58 



Corollary 4.4.3. Let p be an ordinary inertially generic representation of 
Gal(Q p /Q p ) as above and U an admissible smooth representation of G(Q P ) over 
kp such that H\g(z p ) is an injective object in the category of smooth representa- 
tions of G(Z P ) overkp. Assume 

Hom G(2p) (F(A w - 1(x _ ) - 6),Tl\ G{Zp) r d = 

for all wc-p € W G p and all w = ( n a ei" v s a) w Cp, where I C wc-(S w ) fl Cp runs 
among the non-empty subsets of pairwise orthogonal roots. Then restriction to 
the G(7j p )-socle induces an isomorphism 



Hom GWp) (n(p) OTd , n) ^ Hom G(Zp) (F(X w -^ } - 9), U\ G{Zp) ) [ % 

wc-&Wc- 



where rfp :Wc _ is as in Theorem \4-4- 1 



4.5 A global result 

We apply the main result of §4.41 to prove a weak version of Conjecture 14.2.51 
We keep the notation of §4.11 and §4.21 We suppose from now on that F/F + is 
unramified at all finite places. 

We say that a compact open subgroup U C G(A^f) x G{Op+, p ) is sufficiently 
small if there exists a finite place v of F + such that the projection of U to G(F+) 
contains no element of finite order. We say a compact open subgroup U p C 
G(A^f) is sufficiently small if U p G(Op+ )P ) is sufficiently small. The following 
lemma is well-known (see e.g. [EGH11, §7.1.2]). 

Lemma 4.5.1. Let M be an O p-module endowed with an Op-linear action of 
G{Op+,p) and let U C G(A^f) x G{Op+, p ) be a sufficiently small compact open 
subgroup. Then one has a natural isomorphism S(U, M) — > M® r for some integer 
r > that only depends on U. 

Lemma 4.5.2. Let M be a finite- dimensional smooth representation of G{Op+ )P ) 
over k E and U p C G(A^f) a compact open subgroup. Then one has 

S(U p G(O f+iP ),M) ^ Rom GiOF+p) (M v , S(U p ,k E )). 

Proof. The proof is essentially that of [EGH11, Lem. 7.4.3], so we just define the 
map. We send / : G(F+)\G(A~ + ) ^ M to 

( E M V ^ (g^£(f(g))). 

Then u p -£ is sent to (g \-t £(u-\f(g))) = £(f(gu p ))) = u p -(g^ £(f(g))), where 
Up G G(Of+, p ), and the map is thus G(Op+, p )-equivariant. Since the action of 
G{Op+, p ) on M v is smooth, its image lies in S(U P , k E ). □ 
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If U p C G(A^f) is a compact open subgroup, we denote by E a finite set of 
finite places of F + containing the set of places of F + that split in F and divide 
pN and the set of places of F + that split in F at which U p is not unramified. 

Proposition 4.5.3. Let U p C G(A^f) be a sufficiently small compact open sub- 
group, S a set of places of F + as above and m s a maximal ideal o/T s (see §^.ip 
tt/if/j residue field He- Then the admissible smooth G(F + ®q Q p ) -representations 
S(U P , He) and S(U P , fcs) m E are injective objects in the category of smooth repre- 
sentations of G(Of+, p ) over k F - 

Proof. The second representation being a direct summand of the first (see §4.ip . 
it is enough to prove the statement for the first. By [Erne 1 Obi Prop. 2.1.9], it is 
enough to prove that S(U P , ks) is injective in the category of admissible smooth 
representations of G{Of+, p ) over k F - Let j : n ^ n' be an injection of admissible 
smooth G(C?iT+ p )-representations over fee, we have to prove that 

ttom G{ o F+p) (vr', S(U p , k E )) ^ Hom G(0p+p) (vr, S(U P , k E )) 

is surjective. Write it' = U m 7r^, where (^' m )mez >0 is an increasing sequence of 
finite-dimensional vector subspaces preserved by G{O f + :P ) (recall n' is admissi- 
ble). It is enough to prove that all maps 

Hom G(0p+p) S(U p , k E )) Kom G{ o F+p) (vr n n' m , S(U P , k E )) (34) 

are surjective. Indeed, since Hom^o^ ) \K' m J (7rri7r^), S(U P , k E )) is finite-dimen- 
sional (S(U p ,kE) being admissible), the Mittag-Lefner conditions are satisfied 
on the projective system (B.om G{ o F+p) (^/(vr n <J, S(U P , M)) meZ>0 and the 
surjection survives the projective limit. The surjection in (l34"j) then follows from 
Lemma applied to M = (ir' m ) v and M = (vr n <J V and Lemma SXH . □ 

Let r : Gal(F/F) — > GL n (k E ) be a continuous representation such that r c = 
r v (g) a; 1- ™ and r is absolutely irreducible. If U p C G(A^f) is a compact open 
subgroup we denote by X a finite set of finite places of F + containing the set of 
places of F + that split in F and divide pN, the set of places of F + that split in 
F at which U p is not unramified and the set of places of F + that split in F at 
which r is ramified. Recall that we have associated to r and X a maximal ideal 
m s of T s with residue field k E in JOJ 

We denote by G p the restriction of scalars from Op+ tP to Z p of the algebraic 
group Gx 0f+[1/n] O f +, p , so that G P (Z P ) = G{O f +, p ) = Y[ v \ p G(0 F +) (the algebraic 
group G p is isomorphic to l~I;;GL n / z ). If a is any Serre weight for G p (¥ p ) and if 
U p and £ above, then the commutative k F - algebra 

T s ®o B H Gp (a) = (T E ® OB fc B ) ® kE H Gp (a) 
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(see gSlfor H Gp (a)) acts on Hom G{0f+p) ((T, S(U P , k E )) = Hom Gp(Zp) (cr, S(U P , k E )) 
and also on Eom G ^o F+p )(a, S(U P , k E ) m s). Identifying G P (Z P ) with Yl v \ p GL n (0 Fij ) 
via n^| p L vi a Serre weight a for G p (¥ p ) is of the form cr = ®„| p cr<j, where crc is a 
Serre weight for GL n (Cp.) = GL n (Z p ). As for Lemma l4.3.8l (i). using the proof of 
[Her 11| Lem. 8.2] we have "H Gp (cr) — ®v\pHgl„(°~v) ■ By Example 14.3.11 we thus 
have an isomorphism 



H Gp {a) s k E [T a , 



i- 



,T afj>n ^,T^ v\p}. 



(35) 



Recall that Rom G{ o F+p) (a, S(U P , k E ) m i;) ord C Hom G ( 0i: , + p) (cr, ^(C/^, A; B ) m s) was 
defined in §4.41 Note that it is compatible with base change for algebraic exten- 
sions of k E . 



Proposition 4.5.4. Suppose that U p C G(A^f) is a compact open subgroup, S 
is a finite set of places as above, and that f : Gal(F/F) — > GL n (k E ) is absolutely 
irreducible. Suppose that a = ® v \ p o~v = ^^^(Ae) is a Serre weight for G(0 E + tP ) 
(so < — < p — 1 for all i) and that r\ : H Gp (a) — > k E is an ordinary 

character. //Hom G ( 0j?+p ) (cr, S(U P , k E ) m Y^j [rf\ ^ 0, then 



\ 



UJ' 



-1 /«S,2" 

nr — - 



-(n-1) nr / 



\ 



Uv,n-1 '/ 



where u d>j = rj(T a; } n T a , 



n-j. 



ekl. 



Proof. Step 1: We make some easy reductions. 

Let cr be any Serre weight for G p (F p ). Since the actions of T s and l-i Gp (a) 
commute we have 

Hom G(OF+p) (a,S(U p , fc E ) mE )° r = Hom G(0p+p) (cr, S(U P , k E ))°^ 

= S(U p G(0 F + p ),aXL 

where the second equality follows from Lemma 14.5.21 Since S(U P , k E ) m s C 
S(U' P , k E ) m s< if U' p C f/ p and S'3E (see §4.11) . we have an analogous inclusion 
with the Hom G (0 F+ )(cr, .) ord . Thus we can assume U p sufficiently small. 

Step 2: We check some compatibilities with |Ger09j and |GG12j . 
Let T p C B p C G p be the split maximal torus and the Borel subgroup in G p which, 
under i, correspond respectively to diagonal and upper triangular matrices in 
UvGL n/Zp . We have cr v F(A'), where A' G X X (T P ) satisfies A~ fi = -A c , n _ i+1 for 
all v, i. Let £(A') /o B = ®t,| p Z/(A~) /o B be the algebraic representation of G p Xi p O E 
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G 

given by (ind J-X')/o E (algebraic induction functor of [Jan03, §1.3.3]). We con- 

JDp 

sider L(X') as a representation of G P (Z P ) = G{O f +^ p ) over O e and we have an in- 
jection of smooth finite-dimensional G(CV+ p )-representations over k E : -F(A') <^-> 
L(X') ®o E ( |Jan03t §11.2]). Let U p C G(A^f) be a sufficiently small compact 
open subgroup and E a set of finite places as above, then S(U p G(O f + jP ), L(X')®o e 
k F ) = S(U p G(Of+. p ), L(\')) ®o e by Lemma 14.5.11 and we deduce an injection 
of T s -modules S(U p G(O f + p ),F(X')) ^ S(U p G(O f + p ), L(X')) ®o E k E which in- 
duces an injection of T E -modules 

S(U p G(O f +, p ), F(X')) ra s ^ S(U p G((D F + p ),L(X')) m z ® Qe k E . 

By |Ger091 Def. 2.3.2] or [GG121 §6.1] there is an action on S{U p G(O f +, p ), L(X')) 
(and thus on S(U p G(0 F + tP ), L(A')) m s) of the "weighted" double cosets 



— V J A' — 1 

— 1 v,n — 



GL n (0 Fs ) [ ^ ) GL n (0 F 



(36) 



for v\p and j G {1, . . . ,n} whose reduction modulo w F preserve the subspace 
S(U p G(O f + p ),F(X')) (and thus S(U p G(O f + p ), F(X')) mS ). Moreover, by a vari- 
ant of [EGH11, Prop. 4.4.2], one can check that the action of f[3"oT) 
on S{U p G{O f + )P ) 1 F(X')) = Homc(o F+ S(U P , k E )) coincides with the action 
of the operator T~ 1 n T ati ^ n _j of (1331) . (In loc. cit, it coincides with the action of 

T asJ on (a v ®S(U P , k E )) G{ ° F+ ^ as defined in [KGHlll §2.2], but this is the same 
as the action of T~}. n T a - >n _j on Hom G ( C ) F+ )(<r, S(U P , k F )) as defined in §4.31 see 
[HerTTl §2.3].) 

Step 3: We conclude. 

Replacing E by a finite extension if necessary, by |EGH1H Lem. 4.5.1] and Step 
2, the Hecke eigenvalues u^j G k E of T~} n T ae;n _j on S(U p G(O f + iP ), F(X')) m s lift 
to eigenvalues M{y G 0^ of fl3"ET) on the larger space S(U p G(O f + iP ), L(A')) m s Ob 
fc B . Consider the embedding S(U p G(O f+jP ), L(\')) m s> C S(L(A'j) <g> 0js where 
the latter is a semi-simple G(A^ + ^representation (see §4.11 and |Ger09t Lem. 
2.2.5]). If 7r is any irreducible constituent of S(L(X')) ®o E F such that n fl 
S(U p G(Of+, p ), L(X')) m s 7^ 0, then its base change to GL n / F (which exists by 
|Ger09t Lem. 2.2.5] and |Labllt Cor. 5.3]) is a cuspidal automorphic repre- 
sentation of GL n (A^) since its associated p-adic representation of Gal(F/F) 
is irreducible (as it reduces to the irreducible r). Now assume that the eigen- 
values of the operators ® on tt n S(U p G(O f +, p ), L(X')) m s = 7r UPG{ °^p ) n 
S{U p G{0 F +,p), L(\')) m * are all in O e . We claim the proof of |Ger091 Cor. 2.7.8(1)] 
applies to give the desired result. In our situation, the level is prime to p, so we 
do not need the regularity condition on A. The characteristic polynomial in the 
proof becomes Ylj{~ l) J p 7 ^~ 1 ^ 2+ ^-'<= 1 ^^-^u^^X^ whose roots otj have (distinct) 
valuations j — 1 + A' +1 . Finally observe that in the notation of [Ger09l Cor. 
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2.7.8(1)], ipvj(ATtp-(p)) = YYi=i( a iP ^ ^ x ' n - i+1 ) is congruent to u$j modulo 
w E . □ 



Following |GG12t §6] we say that r (continuous, absolutely irreducible) is 
modular and ordinary if there exist a sufficiently small compact open subgroup 
U p = Ylvtp Uv Q: G(A^f) such that U v is a hyperspecial maximal compact sub- 
group of G(F^~) for all places v of F + that are inert in F, a finite set of finite 
places £ as above and a Serre weight a for G p (¥ p ) such that 



Rom G{ o F+p ) (o~,S(U p , k E ) m v)° vd ^ 



(Note that the modularity assumption implies r 



l-n 



By Proposi- 



tion if r is modular and ordinary then r w is ordinary for all w\p in F. 

Proposition 4.5.5. Let f : Gal(F/F) — > GL n (k E ) 6e a continuous representa- 
tion. We assume that r satisfies the following assumptions: 



(i) ^lGai(F/F(^T)) i s absolutely irreducible; 

(ii) r is modular and ordinary; 

(iii) p > 2n + 2 and ( p F. 



Suppose that for all places v\p we have 



\ 











to 



A,-, o — 1 



111' 



u 



* 

Ac,„-(n-l) 



nr 



\ 



(37) 



where 1 < Xa^—X^i+i < £>— 1 andu^^ G k E for alii. Let a = ® v \ p o-.~ u :— ® v \ p F(Xv), 
a Serre weight for G(Op+ tP ). 



oo,p\ 



Then there exist a sufficiently small compact open subgroup U p C G(A F+ 
and a finite set of finite places £ as above such that 

Rom G{ o F+p ) (o-,S(U p , k E ) m x) ovd ^ 0. 



// moreover the integers — (i — 1) are distinct modulo p — 1 (/or any u |p) ; 
iaen /or any swc/i (f/ p , S) ana 1 any finite extension k' E of k E , there is only one 
ordinary character 77 of "Hg p (ct) snca £na£ HoniG(e> F+p ) (cr, S(U P , k' E ) m i:) [rj] 7^ 
and i/iis character sends T a ~j in (135]) to u$ n Uv >n -j E k E in (|37|) /or n|p and 



1 < i < w (where 11%$ '■— 1 /or a// n|p). 
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Proof. By [GG121 Lem. 3.1.5] it follows that for all v\p, r v has an ordinary crys- 
talline lift of Hodge-Tate weights (A^i, A S)2 — 1, . . . , A Ci „ — (n — 1)). The first 
part of the proposition now follows from [GG121 Thm. 6.1.6] under assumptions 
(i') r(Gal(F/F(^T))) big and (iii') F Ker(ad(7;)) does not contain F($l) (instead 
of (i) and (iii)). (Note that the extra condition on the level U at places v G S a in 
|GG12[ §6.1] is only used to guarantee that U is sufficiently small.) To conclude, 
we replace the application of [GG12, Thm. 5.1.1] in the proof of |GG12} Thm. 
6.1.6] by the proof of [BLGGT10, Thm. 4.4.1] and Thome's improved modular- 
ity theorem [BLGGT1CH Thm. 2.3.1] (to guarantee that ir' can be chosen to be 
ordinary of level prime to p). (Note that crystalline ordinary local Galois repre- 
sentations are potentially diagonalizable and that if p\ ~ p 2 in the notation of 
[BLGGT10, §1.4], then p\ is crystalline ordinary if and only if p 2 is crystalline 
ordinary; see [BLGGTlOJ §1.4].) The last part follows from Proposition 14.5.41 □ 

Note that the congruence condition on the A^j — [i — 1) is satisfied whenever 
Fj) is inertially generic. 

Assume that, for all w\p in F, r w is ordinary (i.e. upper triangular up to 
conjugation) and generic in the sense of Definition 13.4.21 (equivalently. assume 
is ordinary and generic at all places v where v\p in F + ). We have associated to 
r,~ u cg> uj n ~ l in Definition 13.4.31 a set of ordinary Serre weights for ty(G(0 F +)) = 
GL n (Op-) defined as the set of irreducible constituents of the GL n ((9p e )-socle of 
n(r c ) ord £g> (u n ~ 1 odet). By Lemma f4 . 2 . 1 1 ( more precisely its variant for r c ) and the 
discussion that follows, the set of ordinary Serre weights of ^>u n ~ 1 considered 
as a set of G((9 F + ^representations via i% is the same as the set of ordinary Serre 
weights of <8> w n_1 considered as a set of G(C F +)-representations via l^c We 
say that a Serre weight a = ® v \ p o~v for G p (¥ p ) is an ordinary Serre weight of 
r <S> uj n ~ l if, for every v\p, is an ordinary Serre weight of fy <8> u;™" 1 . This 
doesn't depend on the choice of v above v. 

Corollary 4.5.6. Suppose that f : Gal(F/F) — > GL n (kE) satisfies assumptions 
(i)-(iii) of Proposition \4~.5. 5[ and suppose in addition that 



(iv) for all w\p in F, r w is [ordinary] inertially generic (Definition \3.4-4 ) ■ 



Then there exist a sufficiently small compact open subgroup U p C G(A^f) and a 
finite set of finite places E as above such that, for any Serre weight o for G{Op+ iP ) , 
we have 

Hom G(c , F+ p } (a, S ( U p , k E ) m E ) ° r ^0 
if and only if a is an ordinary Serre weight ofr® u 71 " 1 . 

Proof. This follows immediately from Propositions 14.5.41 and I4.5.5[ and Exam- 
pleEZSJ □ 
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The following statement is our main result and can be seen as a weak form of 
Conjecture 14.2.51 Recall that an injection ir ■=->■ II between smooth representations 
of G(F + ®qQ p ) over k E is said to be essentialif, for any nonzero subrepresentation 
7r' C IT, we have ir D 7r' 7^ in II. 

Theorem 4.5.7. Lei r : Gel(F/F) — > GL n (k E ) be a continuous representation 
that satisfies conditions (i) to (iv) of Proposition \4^5~5\ and Corollary \4- 5. 6] (so 



in particular p > 2n + 2). Fix a good conjugate of each 7% and, for every ordinary 
Serre weight <x c ofr^^u 11 ^ 1 , let w a ~ G Wc?. be the unique element corresponding 
to Oy <S) (w 1_n o det) in Proposition \3.4-5] applied to ~p = Fix U p C G(A^f) a 
sufficiently small compact open subgroup and E a finite set of finite places as in 



Corollary 4-5.6 . Then, for each ordinary Serre weight a = ® v \p&v ofr® uo n , 
there is an integer d a > such that we have an essential injection of admissible 
smooth representations of G(F + ®q Q p ) = Yl v \ p G(F+) over k E , 

((g)(n(r,)^,^ ® K" 1 odet))V ° S(U*,k E )[vFF*. (38) 

<7=®<7 S ^ v \p 



Proof. For each ordinary Serre weight a of r <g> u n 1 let 

d a := dim kE Rom G{ o F+p ) {cr^SiU^kE)^})^}, 

where rj is the unique ordinary character of Hq (a) in Proposition 14.5.51 We have 
in particular d a > 0. Write = F(Xy) with \$ = (Xv,i, ■ ■ ■ , Xv >n ) G Z n (1 < A Sii — 
Ae,i+.i < p - 1) and set := J7|« GLn («r e ) (recall H Gv {°) = ®v\p'HGLnM) ■ By def- 
inition of uj/j^ we have ^^(Xr^^™- 1 ) = diag(w Ai - 1+ ™ _1 nr^^i), w Ai > 2+n ~ 2 nr(^), 
. . . , a; Ac ' n nr( u ""'" )) for some u^i € fc^, and by Proposition 14.5.51 we have 
T}(T a -j) = u% n Uv >n -j. Thus we get from Example 14.3.41 that 

( frInd GU(2i) <7 «) ®Wgl„( CT5 ) j% ^ = 

IndSbS' w^' 1 nr(w s 1) ® w As < 2 nr(^) g> • • • <g> w Ab >™ nr( JS«_) 

and hence that 

( c - Ind GMSi) <*) ®%GL n (&v)tVv k E = ^df-iff <(x-r^^) ■ (aT 1 o 0), (39) 

where Xr^ij™- 1 — Xr 5 <8> (w™ _1 odet) is as in §3.41 Let T p and £? p be as in Step 2 of 
the proof of Proposition 14.5.41 By Proposition I4.5.3[ Corollary 14.5.61 and fl39l) we 
can apply Theorem gXH to (G P ,B P ,T P ), IT := S(U p ,k E ) m v, p := ® v \ p (f^ <g> w n_1 ), 
the Serre weight a and the character rjp^ Wc _ := r\. By the analogue over k E 
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of Remark 13.3.61 we get that the restriction to the G(0 p+^-sode induces an 
isomorphism of T s -modules 

Rom G(F+ ® qQp) ( ® (n(r c )c*, ,«, ff<1 <g> (w"- 1 o det)), S(t/ P , fc B ) mS 

v\p 

Hom G( o F+p) (a, S(?7 P , fc^s) [77]. 

Taking the m s -eigenspaces on both sides and using the fact that all constituents 
of ® v \p^(jv)cr-,w a - are principal series, we deduce 

Hom G(F+8#p) (® (n(rfl)c^ 6 ® (^ n_1 o det)) , S(U*, k E )[m*] 

v\p 

Rom G( o F+p) {a, S(U P , k E )[m*]) [rj\. (40) 

Let fi, ■ ■ ■ , fdcr be a fc^-basis of the right hand side of (140]) and Fx, ... , Fd a the 
corresponding basis of the left hand side, then ©f^-Fj induces a G(F + ®q Q p )- 
equivariant map 

(0(u(f,) CT ^ ® (a,"" 1 o det))) 9 ' — ► 5(^,^)[m s ] OTd , 

which is injective as it is injective on the G{0 _p+ jP )-socle. Summing over all cr, 
we get by the same argument an injection as in (155)1 . It remains to prove that it 
is essential, and, since /c £ )[m s ] ord g) feB A; E S(U P , fc B )[m s ] ord , it is enough 

to prove this replacing k E by an algebraic closure k E . Assume the injection 
is not essential and let II' be a nonzero subrepresentation of S(U P , fc£)[m E ] ord 
which has zero intersection with the left hand side of ( 1381) (tensored by k E ). 
Since II' is admissible, it satisfies the descending chain condition and, replacing 
IT by an irreducible subrepresentation, we can assume II' irreducible. Since it 
lies in S(U P , /c#)[m s ] ord it is thus an irreducible subquotient of a principal series 
of Gp(Qp) over k E . Let a' C II' be a Serre weight for G P (F P ), then by [Her 11) 
Cor. 9.13(i)] the action of %g p (^') on Hom Gp ( Zp )(cr', II') factors through St p and 
thus there is an injection cr' > IT <— >• S(U P , k E )[m T '] or:d which gives an element 
in Hom G ( C)f+ )(cr', S(U P , k^lm^})^'} for some ordinary character 77' of Kg j ,(<t / ). 
But Corollary 14.5.61 and the isomorphism 

Hom G(0f , p) (a', S(U p , ^)[m E ]) ® fcfi fc B ^ Eom Gi o F+p) (a', S(U P , M[m s ]) 

(recall that a' is defined over k E ) imply that a 1 must be an ordinary Serre weight 
a of r®i>j n ~ x and that 7/ must be 77, so that a' can't have a zero intersection with 
the left hand side of (155)) by construction. This proves we must have II' = 0. □ 

The integers d a in Theorem 14.5.71 a priori depend on all the data, that is, on 
r, U p , S and a. Note that if all d a are equal, and if d is their common value, 
then one recovers an essential injection as in (1251) . 





66 



A Some results on unitary continuous represen- 
tations I 



In this appendix, we give technical results on admissible unitary continuous rep- 
resentations of p-adic analytic groups that are used in the text. We didn't try to 
reach the greatest generality. 

We refer to [Sch06t §2] and |EmelOal §2] for the definition and basic properties 
of the abelian category of admissible unitary continuous representations of a p- 
adic analytic group G on p-adic Banach spaces over E. If II, II' are two admissible 
unitary continuous representations of G over E, we denote by Ext G (n',n) the 
.E-vector spaces of Yoneda extensions in this abelian category. 

Lemma A.l. Let (•••—>■ M n — > M n _i —)■-••) be a projective system of Oe/^e' 
modules (n G %>o) such that M := limM n is of finite type over Oe- Let U be a 

n 

p-adic Banach space over E and IT C II be a unit ball. Then there is a topological 
isomorphism 

M ®o E II = (lim(M„ ® 0e n )) ®o E E, 

n 

where M n ®o E n° = M n ®o E n° jw E is endowed with the discrete topology and 
lim(M„ ®o E n°) with the projective limit topology. 

n 

Proof. Since E is discretely valued, the Banach space II admits an orthonormal- 
izable basis (e^gj by [Sch02l Prop. 10.1] and we can take 11° to be the unit ball 
for that basis. Then lim(M n ®o E n ) = lim(M n ®o E (®ie/CE e j)) which can be 

n n 

identified with the C^-module M := {(mj) ig ; : rrii G M,rrii — >■ when i — > oo}, 
where the convergence condition means that for any n > 1 there exists a finite 
subset I n C I such that rrii G Ker(M -)■ M Tl ) if i I n . Since M = limM,,, , 

the C?£!-submodules Ker(M — > M n ) form a basis of open neighbourhoods of in 
M for the natural profinite (i.e. ca^-adic) topology on M, and this convergence 
condition is equivalent to asking that for any n > 1 there exists a finite subset 
/„, C / such that rrii G w E M if % ^ I n . In other terms M together with its 
projective limit topology is the G7£-adic completion of M ®o E {^i&i^E&i)- Since 
M is of finite type over El this is just M ® 0e 11°. □ 

Lemma A. 2. Let M be an O E-module such that each element is killed by a power 
of we, it has no nonzero divisible element and the submodule of elements killed 
by we is a finite- dimensional kE-vector space. Then M is of finite type over Oe- 

Proof. For n G Z >0 let M [w E ] C M be the submodule of elements killed by 
w E and let r be the dimension of M[we}- Then M[w E ] is of finite type (as 
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follows from the exact sequence — > M[zu E ] — > M[zu E ] — ¥ M[w E x ] and a 
straightforward induction on n) and isomorphic to ®\ = iO E /{w E n ^) f° r some 
di(n) G Z >0 . Since M[ro^ _1 ] = Mfro^]^™^ 1 ], we see that, up to a permutation 
on the set {di(n), . . . , d r (n)}, we have di(n — 1) < dj(n). We claim that there is 
D G Z>o such that di(n) < D for all i and all n. Indeed, if not, then for each 
d G Z>o, M[gte] contains a nonzero element which is in w E M. Since M[cc7e] 
is a finite set (fc^ being finite), we see that M must contain a nonzero divisible 
element which is impossible. Since the di(n) are bounded and increasing, we have 
M[w E \ = M[w n E +1 ] for n large enough which finishes the proof. □ 

The following lemma will often be tacitly used in the sequel. 

Lemma A. 3. Let G\, G 2 be two p-adic analytic groups and Hi, U 2 two ad- 
missible unitary continuous representations of respectively G\ and G2 over E. 
Then the completed tensor product H"i ® E Ii 2 is an admissible unitary continuous 
representation of the p-adic analytic group G± x G 2 . 

Proof. For % G {1, 2} let Hi C Gi be a compact open subgroup and n° C IL a unit 
ball. By |Sch061 Thm. 2.3] we have to prove that Hom0 B (n?<§ Ojs Il£, O e ) (the 
(9g-dual) is an O e [[H 1 x if 2 ]]- m odule of finite type, where O e [[Hi x H 2 }} is the 
Iwasawa algebra of Hi x H 2 . Let (-Hi, m )m£Z> 1 be a decreasing sequence of normal 
compact open subgroups of Hi so that (9e[[-HV]] = lim E [Hi/ H iyTn \. Since T§/m E 

m 

is (smooth) admissible, (11° / 'w E ) Hi ' m is a finite type Cg-module f or a U n,m G Z>i 
(and even a finite 0£-module as O e /w e is finite). Since Ii\/w E ®o E ^/^e * s 
smooth, we have a topological isomorphism (for the profinite topology) 

Hom OE (U°i/zo n E ® 0e KI/vj e , O e /w e ) = 

lim (Hom 0£ ((n°i/w n E ) H ^,0 E /w E ) ® 0e Hom 0j3 ((n?/^)" 1 - O e /w e )) . 

(41) 

Set Mj := Hom C ) B (n°, S ) which is an -module of finite type by assump- 

tion. Since 

(n?M)^'™ = Hom 0B (M 8 /^,0 E /^) fl - = 

Hom OE (Mi/^ 80^]] OeHH/H^Oe/we), 

we have by biduality, 

M t /w% ®o E[ m] OeWH/H^}} = Hom OB ((U°J^ E ) H ^, E jw E ) (42) 
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and thus an isomorphism of O e [[Hi/ Hi )Tn \] <g> O e [[H 2 / H 2:rn }} = E [[Hi/Hi im x 
if 2 /if 2im ]]-modules of finite type, 

{M x /w n E ®o E M 2 /w n E ) ®o B [m\®o E o E [m] OeWHJH^ x H 2 /H 2 , m \\ S 
Hom 0£ ((n?/^) Hl .™,O s /0 ®o £ Hom OE ((II?/^) Hl ' m , 
Any finite type O e /w e [[Hi x ^2]] module M satisfies 

lim (M ®o b [[ Hi xh 2 ]] OeUHJH^ x H 2 /H 2jm ]\) = M 

m 

(use 7r = lim 7 f Hl , mXH2 , m an d (1421) . where n is the smooth representation of Hi x if 2 

m 

corresponding to M). Taking the projective limit over m and using fj4T]) thus 
yields an isomorphism of O e /w e [[Hi x -£^2]]- m odules of finite type, 

(Mi/t^ ® OB M 2 /w n E ) ®o E [[H^ OE o B [m\ E [[Hx x F 2 ]] = 

Hom 0j! (TlVwl ®o E U° 2 /w E , E /w E ). 

Taking now the projective limit over n yields an isomorphism of O e [[Hi x H 2 ]]- 
modules of finite type, 

(Mi ® OE M 2 ) ®o e [[h^ 0e o e [[h 2 ]] O e [[H x x H 2 }} = 

limHom OB (U\/w n E ® 0e njj/t^, O e /w%) = Hom OE (n°® 0fl II°, O e ), 

n 

which finishes the proof. □ 

We say that an admissible unitary continuous representation II of a p-adic 
analytic group G is residually of finite length if for some (or equivalently any) unit 
ball II C IT preserved by G, the admissible smooth G-representation II ®o E k E 
is of finite length. 

Lemma A. 4. Let G\, G 2 be two p-adic analytic groups and Hi, !![ (resp. U 2 ) 
some admissible unitary continuous representation^) of G\ {resp. G 2 ) over E. 
Assume that is residually of finite length and dim^ Hom^j (11^, ID < +00. 
Then there is a canonical equivariant isomorphism of admissible unitary contin- 
uous representations of G 2 over E, 

HomG^n^no ® E n 2 ^ Hom^n;,!^^). 

Proof. Let IT?, IT'/ 1 (resp. Hi]) be invariant unit balls in III, 11^ (resp. Il 2 ), then 
we have Hom^n;, U^eII^ = E® Qe Hom Gl (II / 1 , n°® 0is n°). We have obvious 
isomorphisms 

Homc^n^n?) 4 limHomG^n; /^,^/^) (43) 

n 

Homc^n^n?®^) -4 limHomG^n; /^™,^/^®^/^™). (44) 
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Writing n§/ccr£ = lim Af», where (M t ) i e j is an increasing sequence of free Oe/^e~ 

i 

submodules of H 2 /w E of finite rank, we have isomorphisms 

Hom Gl (n;7^,n°/^®n°/w") = Hom Gl (H^/w n E , lim (Ul/wl ® Mi)) 

i 

= lim Hom Gl (H[ /zu E , n?/ro^ ® Mi) 

i 

= lim (Hom Gl (nf/ro™ , n?/G7£) ® M;) 

j 

= Homc^n; /^,^/^)®^/^, (45) 

where we use that IIi u /c7| is a finite length representation of G± for the second 
isomorphism. Taking the projective limit over n and using (1441) . (I43p together 
with Lemma IA. II gives the result. □ 

Note that the assumption dung Hom Gl (n / 1 , LTi) < +00 in (i) is automatically 
satisfied if also Hi is residually of finite length (use that Hom Gl (n / 1 , H\)/we 
embeds into Hom Gl (H'^/we, H^/we) which is finite-dimensional over k B as both 
U'i/we arid H\/we are admissible smooth representations of G\ of finite length). 

Lemma A. 5. LetG\, G2 be twop-adic analytic groups and Hi, H[ (resp. H 2 , n' 2 ) 
be two admissible unitary continuous representations ofGi (resp. G 2 ) over E. As- 
sume that Hi and H[ are residually of finite length, dim E Ext G (n^, Hi) < +00, 
dime Hom Gl (H[, Hi) < +00 and End Gl (n / 1 ) = E. Let H be an extension of 
H^®H' 2 by n 1 ®n 2 {in the category of admissible unitary continuous representa- 
tions of Gi x G2 over E). Then we have an exact sequence of admissible unitary 
continuous representations of G2 over E, 

Homc^n;, n x ) ® E n 2 Hom^n;, n) End^n;) ® E n' 2 ->■ 

Ext^(ni,ni)<8) B n 2 . 

Proof. Let n®, II^ , H 2 , H 2 be invariant unit balls in IT, LT^, LT2, H' 2 and IT an 
invariant unit ball in IT such that we have an exact sequence of Oe[Gi x G 2 ]- 
modules, 

— > H\®H° 2 — ► n° — > H[%H' 2 ° — > 0. 
Let us first prove that it is enough to have an exact sequence for every n > 1, 

Hon k3l (ni /^,n?/c7S) ® H\jw n E -> Homc^n; /^^ /^) 

End Gl Qf?/w n B ) ® H' 2 °/w n E -+ Ext Gl (H[°/w n E , H\/w E ) <g> H° 2 /w n E , (46) 

where the Ext 1 is in the abelian category of smooth representations of Gi over 
Og/w^-modules. The Mittag-Leffler condition on the projective system 

(Hom Gl (n;7^,n?/^) ® n° 2 /w E ) n 

70 



is satisfied since Il^/zu^ — » Il^/zu^f 1 is surjective and Hohig^II^ /w e , U.ytu E ) is 
a finite type C^/ro^-module (as follows from the assumptions of residual finite 
length and a devissage, see above). Thus the sequence remains exact after taking 
lim. One easily checks that the C^-module M := limExtg l (n / 1 °/'Ci7^, Ui/zu E ) is 

a submodule of Ext^^^Il^ , U®) (i.e. extensions as linear representations of G\ 
on 0£-modules) and satisfies E ® M = Ext^IIi, 111). The natural surjection 

Hom G . 1 (n , 1 °,n;/c7 B ) -» Ext^ [Gl] (ni Q ,n°)[^] 

(see the notation in the proof of Lemma TA.2p coming from the exact sequence — > 
nHn?^ Wjw E -> shows that Ext^ [Gi] (n , 1 °, Ul)[w E ] is finite-dimensional 
over fog. If M tors is the torsion part of M, then a fortiori M tors [wE\ = M[we\ 
is also finite-dimensional. Moreover M tors has no nonzero divisible element as 
it is contained in a projective limit of (9^/tu^-modules. Applying Lemma |A.2| 
we see that M tors is of finite type over 0%. Since E <g> M = Ext Gl (11^, 111) is 
finite-dimensional over E, we get that M is a finite type C^-module. Using iso- 
morphisms like fj4~3l) and Lemma [A. 1\ we then conclude that taking the projective 
limit of (Hoi) and tensoring by E gives the result. Let us now prove (JIB]) . Apply- 
ing Homc^n; /^, •) to the exact sequence II?/^ ® U° 2 /^ E n /^ 
n'i° /rog®^ /ti7^ — >■ and using isomorphisms like (Hoi) we get an exact sequence 

o Homc^n; /^, n°/^™) ® n°/^ -> Hom^n; /^, n / ro ™) 

End Gl (n; /^) ® n 2 /^ -> Ext^ (n; /^, n°/t^ ® n°/t^) (47) 

(the Ext 1 are still in the category of smooth Gi-representations over Oe/^e)- 
Let / e End Gl (nf/w^) ® n 2 /^ - Homc^n; /^,^ /^ ® n 2 /^™), then 
/ defines a natural Gi-equivariant morphism Jw E — >■ H'^/zj e £g> I1 2 /ti7^ and 
the image of / in the Ext 1 on the right is given by — > T^[/w E ® il 2 /ci7g — >• V — > 
Yi'i /w E — > 0, where V is the fiber product 

t " t/ " 

Lift in V a finite set of generators of the Gi -represent at ion nf/wg (recall it is of 
finite length). Since U°/w E is a smooth representation of G2, this finite set and 
the Gi-representation it generates both lie in 

v n ((n /^)" 2 x nfK) 

for a sufficiently small compact open subgroup if 2 of G2. Moreover we have an 
exact sequence of Gi-representations, 

->• n°/ro™ ® (n°/w«) H2 ^vn ((n /^™)^ x n; /^) -»• n; /^ -> o, 
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which gives back V by pushout along U°Jzj e <g> (U 2 /w n E ) H * m> n°/ro™ ®n°/ro™. If 
V is split, then any Gi-equivariant section U'°/m E e — >■ V lies in V^fl ((n /-^)^ 2 x 
n' 1 °/'CC7£,) for if 2 sufficiently small (as follows again from the fact that TV® /m E is 
of finite length) and thus V fl ((n /^)^ 2 x n'j /^) is also split. Conversely, 
if V H ((n /^)^ 2 x rii /^) is split, then so is the pushout V. All this shows 
that one can replace ~Exk l Gi {JY? / m% n?/w| <g> n^/ro|) in (@7J) by the inductive 
limit 

hm Ext^ (n; /^, n?/*^ ® (u° 2 /w E )" 2 ) . 

Since n^/t^ is admissible, this inductive limit can also be computed replacing 
the increasing sequence of submodules (U 2 /w' E ) H2 by an increasing sequence of 
free Oe/^e~ submodules of U^/tu^ of finite rank, the union of which is H^/w E . 
Thus we see that it is isomorphic to Ext^QTj /^, Ii\/w E )® T^/w% giving at 
last (SI. ' □ 



Lemma A. 6. Let G\, G 2 be two p-adic analytic groups and n 1; n' a (resp. U 2 , 
H' 2 ) be two admissible unitary continuous representations of Gi (resp. G 2 ) over 
E. Assume that ITi is residually of finite length, dim^ Ext G (n' 1; 111) < +00, 
Homc^n;, III) = and End^IIi) = E. 

(i) Assume that U[ is residually of finite length and either Hom G2 (IT 2 , n 2 ) = or 
Ext G (n'^IIi) = 0. Then we have 

Ext^^n;®^,^®^) = o. 

(ii) Assume that Ii 2 is residually of finite length, dinis Ext G (11^, LTi) = 1, 
dim E Ext G2 (n 2 , n 2 ) < +00 and End G2 (n 2 ) = E. Then we have 

dimsExt^^^n;®^,^®^) = 1, 

where the corresponding unique non-split extension is realized by V\®e^-2, V\ 
being the unique non-split extension of U[ by n x . 

Proof, (i) Let LT be an extension of n^®^ by n 1 ®L T 2 , applying Hom Gl (n|j_, •) we 
get by Lemma IA.5I an exact sequence of admissible unitary continuous represen- 
tations of G 2 , 

Homc^n;, n) -»■ n' 2 Ext Gi (n;, n x ) ® n 2 . 

If Hom G2 (n' 2 ,n 2 ) = or Ext G (n^, n x ) = the map on the right is zero and 
tensoring by n' x we deduce a commutative G\ x G 2 -equivariant diagram, 

n^Homc^n^n) ^ n^gro, 
n — > n;®^ 
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yielding a splitting of II. 

(ii) Let us first prove dim E Ext G xGa (ir^n^, n 1 ®n 2 ) < 1. Let II be an extension 
of n^CgJILj by IIiCg)n 2 , applying Hom G2 (n 2 ,-) we get by Lemma [A. 5 1 an exact 
sequence of admissible unitary continuous representations of G\, 

o ni Hom G2 (n 2 ,n) -> n; Ext G2 (n 2 ,n 2 ) ®n x . 

Since Homc^II^, IT) = 0, the map on the right is zero and thus Hom G2 (n 2 ,n) 
gives an element of Ext G (LT^, IT). Tensoring by Il 2 we deduce a short exact 
sequence, 

o iii®n 2 -»■ Hom G2 (n 2 ,n)§n 2 -»■ n^gria -»■ o 

yielding a canonical Gi x G 2 -equivariant isomorphism Hom G2 (II 2 , 11)®II 2 ^> II. 
This implies that tensoring by Il 2 induces a canonical surjection, 

Ext^^n;, no -» Ext^ lxGa (ni®n 2 ,ni®n 2 ) 

and in particular, we get 

dim E Ext GlxG2 (n;§n 2 ,ni®n 2 ) < dim^Ext^(ni,ni) = 1. 

Now the representation Vi®II 2 yields an element in Ext GixG2 (II / 1 ®n 2 , IIi®II 2 ). 
This element is nonzero since Hornet (ET^, Vi®II 2 ) = Hom Gl (IIi, V\) ® II 2 = (as 
follows from Hom Gl (IIj_, IT) = 0, Endc^II^) = E, V\ non-split and Lemma lA. 41) 
and thus a fortiori Hom GlxG2 (n / 1 ®II 2 , Vi£g>n 2 ) = 0. This finishes the proof. □ 



B Some results on unitary continuous represen- 
tations II 

We recall here more or less well-known results concerning unitary continuous 
principal series of GL 2 (Q P ) or of a product of GL 2 (Q p ) that are used in the text. 

Proposition B.l. Fori e {1, ... , n} (n G Z>i) let X i,i, X2,i ■ Q p -»> 0% C E x be 

unitary continuous characters such that xi,i ^ Xi %■ View X%,i®Xi,i as a character 
o/C2) CGL 2 (Q„) by ( x t° y )^X2(x)xi(y) and define 

IT :=(lnd^ ) x 2> i®Xi 1 i) C °, 

where the continuous parabolic induction is as in §ff. 1\ Then the unitary continu- 
ous representation Hi®e • ■ ■ ®E^-n of the product group GL 2 (Q P ) x • • • x GL 2 (Q P ) 
in times) is admissible, topologically irreducible, residually of finite length and 
has only scalar endomorphisms. 
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Proof. Throughout this proof, irreducible means topologically irreducible. The 
admissibility follows from Lemma IA.3I For the finite length mod we and the 
scalar endomorphisms, it is enough to prove that the reduction IT ®k E • • • ®k E n„, 
where IT := Ind?^ 2 < -? p ' ) X2,i ® Xi,i (smooth induction), is of finite length and has 

scalar endomorphisms. From |BL94| Thm. 30] and the (classical) fact that the 
tensor product of two smooth irreducible representations over fcg with scalar en- 
domorphisms is an irreducible representation of the product group with scalar 
endomorphisms, we deduce that this tensor product over fog is of finite length, 
indecomposable and with distinct constituents. Thus its endomorphisms are just 
kE- Let us indicate how one can prove the irreducibility. Note that this is 
straightforward if all the IT are irreducible. First each IT is irreducible. Indeed, 
if Ilj is reducible, then it is a non-split extension of a twist of the Steinberg rep- 
resentation (which is irreducible) by a 1-dimensional representation (see [BL94[ 
Thm. 30]). It implies that any nonzero strict invariant closed subspace TI^ C IT 
has to be 1-dimensional, which is easily checked to be impossible since we as- 
sumed Xi,i Xi,% (one can also use locally analytic vectors as in what follows 
or as in {Eme06[ Prop. 5.3.4]). Secondly, it is enough to prove that any nonzero 
closed invariant subspace of the completed tensor product contains an element 
of the form v\ <g> v 2 ® • • • <8> v n . Indeed, by irreducibility of each IT (and since 
it is a closed subspace) it will then contain the whole usual tensor product and 
hence the completed tensor product (again as it is closed). To prove this we use 
locally analytic vectors. As the completed tensor product of principal series is 
a principal series for the product group (in both continuous and locally analytic 
worlds) and as Xi,hX2,u being continuous characters of Q*, are automatically 
locally analytic, one easily checks that the subspace of locally analytic vectors 
of Hi®e ■ ■ ■ ®.eILi is the representation iTf 1 ®^ • ■ ■ (g^II^ 1 , where ITf n denotes the 
locally analytic principal series (ind?^?^ X2,«®Xi,i) an ( |Sch06t §3]). By density 

of locally analytic vectors in continuous admissible representations ([Sch06, Thm. 
4.2]), it is enough to prove that the irreducible constituents of ITf 1 ®^ • • • ®£;II^ n 
are the finitely many representations C\®e • • • §>eC„,, where C, is an irreducible 
constituent of Hf n . Indeed, any nonzero closed invariant subspace will contain 
such a constituent and thus a fortiori a vector Vx<^v 2 ®- ■ - ®v n . In other words one 
has to prove that C\®e • • • ®EC n is irreducible. Changing the numbering, we can 
assume (see [ST01] ) that Cj is locally algebraic if 1 < i < m and an irreducible 
locally analytic principal series if m + 1 < i < n (where < m < n). We can 
then rewrite the completed tensor product as {C\ ® • • • ® C m ) ® {C m+ i® ■ • ■ ®C n ) 
and one easily proves that it is irreducible if the factor C m+ i®---®C n is ir- 
reducible. But this factor is a locally analytic principal series for the group 
GL 2 (Q P ) x ■ ■ ■ x GL 2 (Q P ) (n — m times), and the fact it is irreducible follows then 
from [O%T0l §4.1] (together with [STOTl §4]). □ 
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The following proposition is already almost proven in the literature (see e.g. 
jEmelll Rk. 3.3.20]). 

Proposition B.2. Let X11X2 '■ Qp O e — E x be unitary continuous characters 
such that X1X2 1 £ { £ i £ _1 } an d v ^ ew X2^~ 1 <8> Xi an d Xi e ~ l ® X2 as characters of 
( * * ) as in Proposition \B.1\ 

(i) If Xi 7^ X2, we have (in the category of unitary continuous representations of 
GL 2 (Q P )) 

dimp Extk 2(Qp ) ((Ind^^ X2S- 1 ® Xif, ( Ind^ } Xi^ 1 ® X 2 ) C °) = 1. 

Moreover, this unique non-split extension has a central character. 

(ii) We have (in the category of unitary continuous representations o/GL 2 (Q p )) 

dimp Ext^ L2(Qp) (( Ind^ } ® X 2 ) C °, ( Ind^ Xi^ 1 ® X 2 ) C °) < 5. 



Proof. The assumption X1X2 1 ^ {e:,^ 1 } makes the two continuous GL^Qp)- 
representations in (i) topologically irreducible (use e.g. Proposition IB. 1[) and the 
assumption xi 7^ X2 makes them distinct (Theorem I3.1.1( iii)). The assertion on 
the central character is then automatic. To prove (i) and (ii), we apply the exact 
sequence 



->■ Ext] u (C/, Ord P (V)) -> Ext^(ind£- 17, V) -> Hom M (C/, i? 1 Ord P (V)) -> 

Ext^(E7,Ord P (y)) 



of |Emel0b[ (3.7.5)] to A = O e /w% G = GL 2 (Q p ), P = (* t), M = ( * ° ), 
U = X2^~ l ® Xi m °d w e an d ^ = in dp- ® X2 m od cup, where extensions 

are in the abelian category of admissible smooth representations over Oe/^e °f 
the relevant group. We have Ordp(V) = Xi 8 ^ 1 ® X2 by [EmelObl Cor. 4.2.10]. 
This implies in particular that Exk M (U, Ordp(V")) is an O e /w e - module of finite 
type (as follows for instance from a devissage and |Emel0b| Lem. 4.3.10] together 
with [EmelObl Rem. 4.3.11]). Since R 1 Oid P (V) = U by [EmelObl Cor. 4.2.10] 
together with the comment after |Emel0b[ Conj. 3.7.2], the Cp/tu^-module 
Homjif(f/, R 1 Ordp(V^)) is free of rank 1. When xi 7^ X2, let N e Z> be the max- 
imal integer such that xi — X2 mod w E , the same argument as in [Erne 10b} Lem. 
4.3.10] shows that Ext l M (U, Ord P (V)), i — 1, 2 is an O e /w e -module. In particu- 
lar the image In^Ext 1 ) of Ext^(Ind^_ U, V) in Hom M ([/, R 1 Oid P (V)) ^ O e /^ e 
for n > N contains w E (0 'p / / w E ) = O e /w e ~ n . Passing to the projective limit 
over n on the short exact sequences 



— ► Ext^([/,Ordp(V)) — > Extend?- U, V) — > ^(Ext 1 ) — > 
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(which still yields a short exact sequence since, Ext^(£7, Ordp(V)) being a finite 
set for all n, the Mittag-Lefner conditions are satisfied) and tensoring by E easily 
gives (i). (ii) is proved in the same way using that dim^ Ext 1 M (xis^ 1 <S>X2, Xi £_1 ® 
X2) — 4 (in the category of admissible unitary continuous representations of M 
over E) and dung Homjv^XiS -1 ® X2, X2^~ 1 <8> Xi) < 1- D 

Remark B.3. Pushing further the proof of Proposition IB.2l (ii) (using again 
[EmelOb] ). one gets that the dimension is in fact 4. 
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